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Abstract 


These notes collect the basic results in commutative algebra used in the rest of my 
notes and books. Although most of the material is standard, the notes include a few 
results, for example, the affine version of Zariski’s main theorem, that are difficult to 
find in books. (Minor fixes from v4.02.) 
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Notations and conventions 


Our convention is that rings have identity elements,! and homomorphisms of rings respect 
the identity elements. A unit of a ring is an element admitting an inverse. The units of a ring 
A form a group, which we denote by” A*. Throughout, “ring” means “commutative ring”. 
Following Bourbaki, we let N = {0,1,2,...}. Throughout, k is a field and k” is an algebraic 
closure of k. 

X CY X isasubset of Y (not necessarily proper). 


def 


X =Y X is defined to be Y, or equals Y by definition. 
X xY X isisomorphic to Y. 
X~Y X and Y are canonically isomorphic 

(or there is a given or unique isomorphism). 


Prerequisites 


A knowledge of the algebra usually taught in advanced undergraduate or first-year graduate 
courses. 


References 


A reference to monnnn is to question nnnn on mathoverflow.net. 


Historical Notes 


Sometime I’ Il add these. For the moment, I refer the reader to Bourbaki AC, Historical Note; 
Matsumura 1986, Introduction; Nagata 1962, Appendix A2. 
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'An element e of a ring A is an identity element if ea = a = ae for all elements a of the ring. It is usually 
denoted 1 4 or just 1. Some authors call this a unit element, but then an element can be a unit without being a 
unit element. Worse, a unit need not be the unit. 

?This notation differs from that of Bourbaki, who writes A* for the multiplicative monoid A ~ {0} and A* 
for the group of units. We shall rarely need the former, and * is overused. 
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1 Rings and algebras 


A ring is an integral domain if it is not the zero ring and if ab = 0 in the ring implies that 
a=O0orb=0. 

Let A be a ring. A subring of A is a subset that contains 1 4 and is closed under addition, 
multiplication, and the formation of negatives. An A-algebra is a ring B together with a 
homomorphism ig: A — B. A homomorphism of A-algebras B —> C is a homomorphism 
of rings g: B > C such that y(ig(a)) = ic (a) for all a € A. 

Elements x1,...,X, of an A-algebra B are said to generate it if every element of B 
can be expressed as a polynomial in the x; with coefficients in ig (4). This means that the 
homomorphism of A-algebras A[X1,..., Xn] > B acting as ig on A and sending X; to x; 
is surjective. 

When A C B and x1,...,Xn E€ B, we let A[x1,...,x,] denote the A-subalgebra of B 
generated by the x;. 

A ring homomorphism A — B is of finite type, and B is a finitely generated A-algebra, 
if B is generated by a finite set of elements as an A-algebra. This means that B is a quotient 
of a polynomial ring A[X1,..., Xn]. An A-algebra B is finitely presented if it is the quotient 
of a polynomial ring A[X1,..., Xn] by a finitely generated ideal. 

A ring homomorphism A —> B is finite, and B is a finite? A-algebra, if B is finitely 
generated as an A-module. If A > B and B — C are finite ring homomorphisms, then so 
also is their composite A > C. 

Let k be a field and A a k-algebra. If 14 4 0, then the map k — A is injective, and we 
can identify k with its image, i.e., we can regard k as a subring of A. If 14 = 0, then the 
ring A is the zero ring {0}. 

Let A[X] be the ring of polynomials in the symbol X with coefficients in A. If A is an 
integral domain, then deg( fg) = deg( f) + deg(g), and so A[X] is also an integral domain; 
moreover, A[X]* = A”. 

Let A be both an integral domain and an algebra over a field k. If A is finite over k, then 
it is a field. To see this, let a be a nonzero element of A. Because A is an integral domain, 
the k-linear map x +> ax: A > A is injective, and hence is surjective if A is finite, which 
shows that a has an inverse. More generally, if every element a of A is algebraic over k, 
then k[a] is finite over k, and hence contains an inverse of a; again A is a field. 

An A-module M is faithful if aM = 0, a € A, implies a = 0. 


Exercises 


EXERCISE 1.1. Let k be an infinite field, and let f be a nonzero polynomial in k[X1,..., Xn]. 
Show that there exist a1,..., an € k such that f (a1,...,an) Æ 0. 


2 Ideals 


Let A be a ring. An ideal a in A is a subset such that 
© qis a subgroup of A regarded as a group under addition; 
© aeareA => raa. 


3This is Bourbaki’s terminology (AC V §1, 1). Finite homomorphisms of rings correspond to finite maps of 
varieties and schemes. Some authors say “module-finite”. 
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The ideal generated by a subset S of A is the intersection of all ideals a containing S — it 
is easy to verify that this is in fact an ideal, and that it consists of all finite sums of the form 
X risi with r; € A, s; € S. The ideal generated by the empty set is the zero ideal {0}. When 
S = {a,b,...}, we write (a,b,...) for the ideal it generates. 

An ideal is principal if it is generated by a single element. Such an ideal (a) is proper if 
and only if a is not a unit. Thus a ring A is a field if and only if 14 Æ 0 and the only proper 
ideal in A is (0). 

Let a and b be ideals in A. The set {a +b | a € a, b € b} is an ideal, denoted a+ b. The 
ideal generated by {ab | a € a,b € b} is denoted by ab. Clearly ab consists of all finite 
sums a;b; with aj € a and b; € b, and if a = (a1,...,dam) and b = (b1,..., bn), then 
ab = (a,b1,...,ajbj,...,dmbn). Note that ab C aA = a and ab C Ab = b, and so 


abcanb. (1) 


The kernel of a homomorphism A —> B is an ideal in A. Conversely, for every ideal a 
in a ring A, the set of cosets of a in A (regarded as an additive group) forms a ring A/a, 
and a |> a + a is a homomorphism g: A —> A/a whose kernel is a. There is a one-to-one 
correspondence 
eb) 


b 
{ideals of A containing a} <————> {ideals of A/a}. (2) 
oT! (b)<=b 


For an ideal b of A, g7 !g(b) = a+ b. 

The ideals of A x B are all of the form a x b with a and b ideals in A and B. To see 
this, note that if c is an ideal in A x B and (a,b) € c, then (a,0) = (1,0)(a,b) € c and 
(0,b) = (0,1)(a,b) € c. Therefore, c = a x b with 


a= {a| (a,0) Ec}, b={b| (0,b) €c}. 


An ideal p in A is prime if p #4 A and ab € p > a € p or b € p. Thus p is prime if and 
only if the quotient ring A/p is nonzero and has the property that 


ab = 0 => a=0orb=0, 


i.e., A/p is an integral domain. In particular, the zero ideal is prime if and only if the ring is 
an integral domain. When p is prime, we write x (p) for the field of fractions of A/p. 


LEMMA 2.1. Let p be a prime ideal in A. 
(a) If p contains a product of elements of A, then it contains one of the elements. 
(b) Ifp contains a finite product of ideals, then it contains one of the ideals. 


PROOF. (a) In the integral domain A/p, a finite product of elements is 0 only if one of its 
terms is zero. 

(b) Suppose that p D a, +- an. If p contains none of the a;, then there exist aj; E€ qix p, 
i = 1,...,an. But then a,---ay, € p, which is a contradiction. 


An ideal m in A is maximal if it is a maximal element of the set of proper ideals in A. 
Therefore an ideal m is maximal if and only if the quotient ring A/m is nonzero and has no 
nonzero proper ideals (by (2)), and so is a field. Note that 


m maximal =— > m prime. 
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A multiplicative subset of a ring A is a subset S with the property: 
leS, abeS = abes. 


For example, the following are multiplicative subsets: 

the multiplicative subset {1, f,..., f",...} generated by an element f of A; 

the complement of a prime ideal (or of a union of prime ideals); 

l+a={l+ala € a} for any ideal a of A. 
PROPOSITION 2.2. Let S be a subset of a ring A and a an ideal disjoint from S. The set of 
ideals in A containing a and disjoint from S contains maximal elements (i.e., an element 
not properly contained in any other ideal in the set). If S is multiplicative, then every such 
maximal element is prime. 


PROOF. The set X of ideals containing a and disjoint from S' is nonempty (it contains a). 
If A is noetherian (see §3 below), X automatically contains maximal elements. Otherwise, 
we apply Zorn’s lemma. Let 6; C b2 C-:- be a chain of ideals in X, and let b =|_Jb;. 
Then b € X, because otherwise some element of S lies in b, and hence in some 6;, which 
contradicts the definition of X. Therefore b is an upper bound for the chain. As every chain 
in X has an upper bound, Zorn’s lemma implies that X has a maximal element. 

Now assume that S is a multiplicative subset of A, and let c be maximal in X. Let 
bb’ € c. If b is not in c, then c + (b) properly contains c, and so it is not in X. Therefore 
there S contains an element in c+ (b), say, 


f=ctab, cec, acA. 
Similarly, if b’ is not in c, then S contains an element 
fi=c+a'b, ced aed. 


Now 
ffl =c +abe' +a'b'c+aa'bb' €c, 
which contradicts 


ffles. 


Therefore, at least one of b or b’ is in c, which is therefore prime. 


COROLLARY 2.3. Every proper ideal in a ring is contained in a maximal ideal. 


PROOF. Apply the proposition with $ = {1}. 


An element f of a ring is nilpotent if f” = 0 for some r > 1. A ring is reduced if it has 
no nonzero nilpotents. The radical rad(a) of an ideal a in a ring A is 


{f €A| f” €asomer > 1}. 


An ideal a is said to be radical if it equals its radical. Thus an ideal a is radical if and only 
if A/a is reduced. Since integral domains are reduced, prime ideals (a fortiori, maximal 
ideals) are radical. The radical of (0) consists of the nilpotent elements of A — it is called 
the nilradical of A. 

If b < b’ under the one-to-one correspondence (2) between ideals of A and ideals of 
A/a, then A/b ~ (A/a)/b’, and so b is prime (resp. maximal, radical) if and only if b’ is 
prime (resp. maximal, radical). 
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PROPOSITION 2.4. Leta be an ideal in a ring A. 
(a) The radical of a is an ideal. 
(b) rad(rad(a)) = rad(a). 


PROOF. (a) If f €rad(a), then clearly af € rad(a) for all a € A. Suppose that a,b € rad(a), 
with say a” € a and b5 € a. When we expand (a + b)’** using the binomial theorem, we 
find that every term has a factor a” or b*, and so lies in a. 

(b) If a” € rad(a), then a”5 = (a")* € a for some s > 0, and so a € rad(a). 


Note that (b) of the proposition shows that rad(a) is radical. In fact, it is the smallest 
radical ideal containing a. 

If a and b are radical, then a N b is radical, but a+ b need not be: consider, for example, 
a = (X?—Y) and b = (X? + Y); they are both prime ideals in k[X, Y] (by 4.11 below), but 
a+b = (X?, Y), which contains X? but not X. 


PROPOSITION 2.5. The radical of an ideal is equal to the intersection of the prime ideals 
containing it. In particular, the nilradical of a ring A is equal to the intersection of the prime 
ideals of A. 


PROOF. If a= A, then the set of prime ideals containing it is empty, and so the intersection 
is A. Thus we may suppose that a is a proper ideal of A. Then rad(a) C Mpo ap because 
prime ideals are radical and rad(a) is the smallest radical ideal containing a. 

For the reverse inclusion, let f ¢ rad(a). According to Proposition 2.2, there exists a 
prime ideal containing a and disjoint from the multiplicative subset {1, f,...}. Therefore 


f EM praP- 


DEFINITION 2.6. The Jacobson radical 3 of a ring is the intersection of the maximal ideals 
of the ring: 


JA) = ( \im | m maximal in A}. 


A ring A is local if it has exactly one maximal ideal m. For such a ring, the Jacobson 
radical is m. 


PROPOSITION 2.7. An element c of A is in the Jacobson radical of A if and only if 1—ac 
is aunit foralla € A. 


PROOF. We prove the contrapositive: there exists a maximal ideal m such that c ¢ m if and 
only if there exists an a € A such that 1 — ac is not a unit. 

=>: Suppose that c is not in the maximal ideal m. Then m+ (c) = A, and so 1 = m +ac 
for some m € manda € A. Now | —ac € m, and so it is not a unit. 

<=: If 1—ac is not a unit, then it lies in some maximal ideal m of A (by 2.3). Now 
c € m, because otherwise 1 = (1—ac)+ac € m. 


PROPOSITION 2.8 (PRIME AVOIDANCE). Letpj,...,pr,7 = 1, be ideals in A with p2,..., pr 
prime. If an ideal a is not contained in any of the p;, then it is not contained in their union. 


PROOF. When r = 1, there is nothing to prove, and so we may assume that r > 1. Suppose 
thatac U, <j<r Pj and that no p j can be deleted from the union. In particular, a ZU iP 
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and so there exists an a; € aU jz; pj. Then a; € p;, because otherwise a; € a~i<j<rPi- 
Consider 
a = d1’ ar-1 + ay € a. 


I claim that a belongs to no p;, which is a contradiction. Because none of the elements 
a1,...,@y— 1 lies in p, and p» is prime, their product does not lie in p; (2.1); but a; € pr, 
and so a ¢ pr. Next consider an ideal p; with i < r — 1. In this case a1 ---a-—1 € p; because 
the product involves a;, but a; ¢ p;, and so again a ¢ pj. 


ASIDE 2.9. “In general, the condition in (2.8) that the ideals p2,...,p, be prime is necessary. For 
example, the ideal (x, y) in F2[x, y] is the union of three proper nonprime ideals. However, when 
A contains an infinite field k, the condition can be dropped. In the above proof, let V be the (finite- 
dimensional) k-vector space generated by the a;, and let Vi = p; NV. Then V C U; <;<r Vi, but the 
V; are proper subspaces of V, and so this is impossible as k is infinite. E 


Extension and contraction of ideals 


Let g: A > B be a homomorphism of rings. 


NOTATION 2.10. For an ideal b of B, g7! (b) is an ideal in A, called the contraction of b 
to A, which is often denoted 6°. For an ideal a of A, the ideal in B generated by (a) is 
called the extension of a to B, and is often denoted af. When ¢ is surjective, g(a) is already 
an ideal, and when A is a subring of B, b° = bN A. 


2.11. There are the following equalities (a, a’ ideals in A; b, b’ ideals in B): 
(a+ a) =a°+a®, (aa) = afa, (bBNAbANE =b Nb,  rad(b)* = rad(6°). 


2.12. Let a be an ideal of A and b an ideal of B. Obviously (i) a C af® and (ii) bff C b. On 
applying e to (i), we find that af C af€®, and (ii) with b replaced by af shows that a°° C af; 
therefore af = a°°°. Similarly, 6°°* = 6°. It follows that extension and contraction define 
inverse bijections between the set of contracted ideals in A and the set of extended ideals in 
B: 
: : ama? . ; 
{6° C A | b an ideal in B} rA {af C B | aan ideal in A} 
CH 


Note that, for every ideal b in B, the map A/b° — B/b is injective, and so b° is prime (resp. 
radical) if 6 is prime (resp. radical). 
The Chinese remainder theorem 


Recall the classical form? of the theorem: let d1, ..., dn be integers, relatively prime in pairs; 
then for any integers x1, ..., Xn, the congruences 


x =x; mod d; 


have a simultaneous solution x € Z; moreover, if x is one solution, then the other solutions 
are the integers of the form x + md with m € Z and d = [ | di. 


4 Asides can be ignored. 
5 Often credited to Qin Jiushao (1208-1261), one of the greatest mathematicians of his era (NAMS, 2013). 
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We want to translate this into a statement about ideals. Integers m and n are relatively 
prime if and only if (m,n) = Z, i.e., if and only if (m) + (n) = Z. This suggests defining 
ideals a and b in a ring A to be relatively prime (or coprime) if a + b = A. 

If m1,...,mxz are integers, then ( )(™m;) = (m) where m is the least common multiple of 
the m;. Thus ( \(™m;) D (J [mi), which equals [ [(m;). If the m; are relatively prime in pairs, 
then m = | [m;, and so we have ( \(m;) = [ [(m;). Note that in general, 


Ay -da-'dy, Cay NAN... N An, 


but the two ideals need not be equal. 
These remarks suggest the following statement. 


THEOREM 2.13 (CHINESE REMAINDER THEOREM). Let a1,...,dn be ideals in a ring A. 
If a; is relatively prime to a; whenever i Æ j, then the map 


ar (...,a+aj,...):A > A/a, X-X A/ay (3) 
is surjective with kernel | | a; (so Į [a;i = (ai). 


PROOF. Suppose first that n = 2. As ay + a2 = A, there exist a; € a; such that aj +az = 1. 
Then aıx2 +a2xı maps to (x; modaı, x2 modaz), which shows that (3) is surjective. 
Moreover, for c € ay N a2, we have 


c = d1C +4a2C E a: a2 
which proves that aj N a2 = a1a2. Thus 
A/aya2 = A/a, x A/a. 


We now use induction to prove the theorem for n > 2. For i > 2, there exist elements 
aj € a, and b; € a; such that 
a; +b; =1. 


The product [isx2@ + bi) lies in ay + d2---d, and equals 1, and so 


ay +do::-a, = A. 


Therefore, 
A/a- an = A/a: (a2: an) 
~ A/a, x A/a- an by the n = 2 case 
x A/a, x A/az2 x---x A/an by induction. 
Exercises 


EXERCISE 2.14. Let M be an A-module. Define the product of two elements of A@ M by 
(a,m)(a',m’) = (aa’,am' +a'm). 


Show that this makes A © M into a ring. Show that the ideals of A @ M contained in M are 
exactly the A-submodules of M.° 


This construction shows that modules over A and their submodules can be realized as ideals in the ring 
A@® M, which is useful for deducing results about modules from results about ideals. Nagata calls this the 
“principle of idealization” (Nagata 1962, p.2). 
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3 Noetherian rings 


PROPOSITION 3.1. The following three conditions on a ring A are equivalent: 
(a) every ideal in A is finitely generated; 
(b) every ascending chain of ideals a; C az C -+ eventually becomes constant, i.e., 
Om = Am+1 =: for some m. 
(c) every nonempty set of ideals in A has a maximal element. 


PROOF. (a) => (b): If ay C a2 C --- is an ascending chain, then a = |_)q; is an ideal, and 
hence has a finite set {a1,...,d@n} of generators. For some m, all the a; belong am, and then 


Am = Am+1 =.. =A. 


(b) = (c): Let X be a nonempty set of ideals in A. If X has no maximal element, then 
the axiom of dependent choice’ shows that there exists a strictly ascending sequence of 
ideals in X, which contradicts (b). 

(c) = (a): Let a be an ideal in A, and let X be the set of finitely generated ideals 
contained in a. Then X is nonempty because it contains the zero ideal, and so it contains 
a maximal element c = (a1,...,ar). If c Æ a, then there exists an element a € ax c, and 
(a1,...,@y,a) will be a finitely generated ideal in a properly containing c. This contradicts 
the definition of c, and so c = a. 


A ring A is noetherian if it satisfies the equivalent conditions of the proposition. For 
example, fields and principal ideal domains are noetherian. On applying (c) to the set of all 
proper ideals containing a fixed proper ideal, we see that every proper ideal in a noetherian 
ring is contained in a maximal ideal. We saw in (3.6) that this is, in fact, true for every ring, 
but the proof for non-noetherian rings requires Zorn’s lemma. 

A quotient A/a of a noetherian ring A is noetherian, because the ideals in A/a are all of 
the form b/a with b an ideal in A, and every set of generators for b generates b/a. 


PROPOSITION 3.2. Let A be a ring. The following conditions on an A-module M are 
equivalent: 
(a) every submodule of M is finitely generated (in particular, M is finitely generated); 
(b) every ascending chain of submodules Mı C M3 C-:: eventually becomes constant. 
(c) every nonempty set of submodules of M has a maximal element. 


PROOF. Essentially the same as that of (3.1). 


An A-module M is noetherian if it satisfies the equivalent conditions of the proposition. 
Let 4A denote A regarded as a left A-module. Then the submodules of 4 A are exactly the 
ideals in A, and so 4A is noetherian (as an A-module) if and only if A is noetherian (as a 
ring). 


PROPOSITION 3.3. Let A be a ring and 
yp G B n" 
0— M — M — M' > 0 


an exact sequence of A-modules. 


7This says: Let R be a binary relation on a nonempty set X, and suppose that, for each a in X, there exists 
a b such that a Rb; then there exists a sequence (ay )nen of elements of X such that an Ran+1 for all n. It is 
strictly stronger than the axiom of countable choice but weaker than the axiom of choice. See the Wikipedia 
(axiom of dependent choice). 
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(a) If N C P are submodules of M such thata (M) ON =a(M’)N P and B(N) = 
B(P), then N = P. 

(b) If M’ and M” are finitely generated, so also is M. 

(c) M is noetherian if and only if M’ and M” are both noetherian. 


PROOF. (a) Let p € P. The second condition implies that there exists an n € N such that 
B(n) = B(p). Then (p-n) = 0, and so p—n lies in aM’, and hence in «M'N P = 
aM’ N CN. Thus p= (p—n)+neNn. 

(b) Let S’ be a finite set of generators for M, and let S” be a finite subset of M such 
that BS” generates M”. The submodule N of M generated by œS’ U S” is such that 
aM’ N =aM' and BN = M". Therefore (a) shows that N = M. 

(c) =: An ascending chain of submodules of M’ or of M” gives rise to an ascending 
chain in M, and therefore becomes constant. 

<: Consider an ascending chain of submodules of M. As M” is Noetherian, the image 
of the chain in M” becomes constant, and as M’ is Noetherian, the intersection of the chain 
with aM’ becomes constant. Now the (a) shows that the chain itself becomes constant. 


For example, a direct sum 
M=M 8M? 


of A-modules is noetherian if and only if Mı and M2 are both noetherian. 


PROPOSITION 3.4. Every finitely generated module over a noetherian ring is noetherian. 


PROOF. Let M be a module over a noetherian ring A. If M is generated by a single element, 
then M ~ A/a for some ideal ain A, and the statement is obvious. We argue by induction on 
the minimum number n of generators of M. Clearly M contains a submodule N generated 
by n — 1 elements such that the quotient M/N is generated by a single element, and so the 
statement follows from (3.3c). 


Hence, every submodule of a finitely generated module over a noetherian ring is finitely 
generated. This statement is false for nonnoetherian rings, as any non finitely generated ideal 
in the ring demonstrates. 


PROPOSITION 3.5. Every finitely generated module M over a noetherian ring A contains a 
finite chain of submodules M D M, D --- D Mı D 0 such that each quotient M; / Mi—1 is 
isomorphic to A/p; for some prime ideal p;. 


PROOF. The annihilator of an element x of M is 


ann(x) = {a € A | ax = 0}. 
It is an ideal in A, which is proper if x Æ 0. 

Let a = ann(x) be maximal among the annihilators of nonzero elements of M. I claim 
that a is prime. Let ab € a, so that abx = 0. Then a C (a) + aC ann(bx). If b £ a, then 
bx #0, and so a = ann(bx) by maximality, which implies that a € a. 

We now prove the proposition. Note that, for every x € M, the submodule Ax of 
M is isomorphic to A/ann(x). If M is nonzero, then there exists a nonzero x such that 
ann(x) is maximal among the annihilators of nonzero elements of M, and so M contains 
a submodule Mı = Ax isomorphic to A/pı with pı prime. Similarly, M/Mı contains 
a submodule M2/My, isomorphic A/p2 for some prime ideal p2, and so on. The chain 
0c Mı C M2 C.--: terminates because M is noetherian (by 3.4). 
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ASIDE 3.6. The proofs of (2.2) and (3.5) are two of many in commutative algebra in which an ideal, 
maximal with respect to some property, is shown to be prime. For a general examination of this 
phenomenon, see Lam and Reyes, J. Algebra 319 (2008), no. 7, 3006-3027. 


THEOREM 3.7 (HILBERT BASIS THEOREM). Every finitely generated algebra over a noethe- 
rian ring is noetherian. 


PROOF. Let A be a noetherian ring, and let B be a finitely generated A-algebra. We 
argue by induction on the minimum number of generators for B. As A[x1,...,Xn] = 
A[x1,..-;Xn—1]|xn], it suffices to prove the theorem for n = 1. But then B is a quotient of 
A[X], and so it suffices to prove that A[X] is noetherian. 

Recall that for a polynomial 


f(X) =coX" +e. X" 14+--+e,, ch €A, co FO, 


co is called the leading coefficient of f. 

Let a be an ideal in A[X], and let a(i ) be the set of elements of A that occur as the leading 
coefficient of a polynomial in a of degree i (we also include 0). Then a(i) is obviously an 
ideal in A, and a(i — 1) C a(i) because, if cX'~! +--+. € a, then X(cX'—!+---) €a. 

Let b be an ideal of A[X] contained in a. Then b(i) C a(i), and if equality holds for 
all 7, then b = a. Suppose otherwise, and let f be a polynomial in a of least degree i not 
in b. Because b(i) = a(i), there exists a g € b such that deg( f — g) < deg(f) =i. Now 
f—g<¢€b,andso f=(f-—g)+ge€b. 

As A is noetherian, the sequence of ideals 


a(1) Ca(2) C- Cali) Ce 


becomes constant, say, a(d) = a(d + 1) =... (and a(d) contains the leading coefficient of 
every polynomial in a). For each i < d, there exists a finite generating set {cj1,cj2,...} for 
a(i), and for each (i, j ), there exists a polynomial fj; € a of degree i with leading coefficient 
cij. The ideal b of A[X] generated by the fj; is contained in a and has the property that 
b(i) = a(i) for all i. Therefore b = a, and a is finitely generated. 


COROLLARY 3.8. When A is noetherian, every finitely generated A-algebra is finitely 
presented. 


PROOF. Every finitely generated A-algebra B is of the form A[X,..., Xn|/a for some n 
and ideal a in A[X1,..., Xn]. Because A[X1,..., Xn] is noetherian, the ideal a is finitely 
generated, and so B is finitely presented. 


In particular, the polynomial ring k[X1,..., Xn] over a field k is noetherian. This is the 
original theorem of Hilbert. 


NAKAYAMA’ S LEMMA 3.9. Let A be a ring, let a be an ideal in A, and let M be an A- 
module. Assume that a is contained in all maximal ideals of A and that M is finitely 
generated. 

(a) IFM = aM, then M =0. 

(b) If N is a submodule of M such that M = N +aM, then M =N. 
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PROOF. (a) Suppose that M +Æ 0. Choose a minimal set of generators {e1,...,en} for M, 
n > 1, and write 
e1 =ayey +++ anen, aj Ea. 


Then 
(1—ay)e1 = aze2 +--+ +nen 


and, as 1 — ay lies in no maximal ideal, it is a unit. Therefore e2,...,en generate M, which 
contradicts the minimality of the original set. 
(b) The hypothesis implies that M/N = a(M/N), and so M/N = 0. 


Recall (2.6) that the Jacobson radical J of A is the intersection of the maximal ideals of 
A, and so the condition on a is that a C J. In particular, the lemma holds with a = J; for 
example, when A is a local ring, it holds with a the maximal ideal in A. 


COROLLARY 3.10. Let A be a local ring with maximal ideal m and residue field k = A/m, 


and let M be a finitely generated module over A. The action of A on M/mM factors through 
k, and elements a1,...,@n of M generate it as an A-module if and only if the elements 


a, +mM,...,a, +mM 
generate M/mM as k-vector space. 


PROOF. If a1,...,a@, generate M, then it is obvious that their images generate the vector 
space M/mM. Conversely, suppose that aj + mM,...,an +mM span M/mM, and let N 
be the submodule of M generated by a1,...,an. The composite N > M > M/mM is 
surjective, and so M = N +mM. Now Nakayama’s lemma shows that M = N. 


COROLLARY 3.11. Let A be a noetherian local ring with maximal ideal m. Elements 
a1,...,@n Ofm generate m as an ideal if and only ifa, + m?,..., an +m? generate m/m? as 
a vector space over A/m. In particular, the minimum number of generators for the maximal 
ideal is equal to the dimension of the vector space m/m?. 


PROOF. Because A is noetherian, m is finitely generated, and we can apply the preceding 
corollary with M = m. 


EXAMPLE 3.12. Nakayama’s lemma may fail if M is not finitely generated (but see the next 
remark). For example, let Z(,) = { | p does not divide n} and consider the Z(,)-module 
Q. Then Z,,) is a local ring with maximal ideal (p) (see §5 below) and Q = pQ but Q # 0. 


REMARK 3.13. Let A be a ring and a a nilpotent ideal in A, say a” = 0. Let M be an A- 
module (not necessarily finitely generated). If M = aM, then M = aM =- =a” M =0. 
Therefore, if N is a submodule of M such that M = N +aM, then M = N (because 
M/N =a(M/N)). 


DEFINITION 3.14. Let A be a noetherian ring. 
(a) The height ht(p) of a prime ideal p in A is the greatest length d of a chain of distinct 
prime ideals 
p = pa 2 Pd-1 2D Po (4) 


(b) The (Krull) dimension of A is sup{ht(p) |p C A, p prime}. 
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Thus, the Krull dimension of a ring A is the supremum of the lengths of chains of prime 
ideals in A (the length of a chain is the number of gaps, so the length of (4) is d). It is 
sometimes convenient to define the Krull dimension of the zero ring to be —1. 

Let A be an integral domain. Then 


dim(A) = 0 <> (0) is maximal <> A isa field. 


The height of a nonzero prime ideal in a principal ideal domain is 1, and so such a ring has 
Krull dimension 1 (unless it is a field). 

We shall see in §21 that the height of every prime ideal in a noetherian ring is finite. 
However, the Krull dimension of the ring may be infinite, because it may contain a sequence 
of prime ideals whose heights tend to infinity (Krull 1938).° 


LEMMA 3.15. Every set of generators for a finitely generated ideal contains a finite gener- 
ating set. 


PROOF. Let S be a set of generators for an ideal a, and suppose that a is generated by a 
finite set {a1,...,d,}. Each a; lies in the ideal generated by a finite subset S; of S, and so a 
is generated by the finite subset |_) S; of S. 


The lemma applies also to algebras, groups, modules, ... , not just ideals. 


THEOREM 3.16 (KRULL INTERSECTION THEOREM). Let a be an ideal in a noetherian 
ring A. If a is contained in all maximal ideals of A, then gre, a” = {0}. 


PROOF. We shall show that, for every ideal a in a noetherian ring, 


[kar = TONELE (5) 


When a is contained in all maximal ideals of A, Nakayama’s lemma then shows that 


Mn>19” = 0. 
Let a1,...,ar generate a. Then a” consists of finite sums 
> Gaeta, alr, Ciy-i, E A. 
iypte+ip=n 
In other words, a” consists of the elements of A of the form g(a1,...,a;,) for some homoge- 
neous polynomial g € A[X,,..., X;] of degree n. 

Let Sm denote the set of homogeneous polynomials f (X1,..., X+) of degree m such 
that f(a1,...,dr) E€ ()n>1 4", and let c be the ideal in A[Xy,..., X;] generated by U,,, Sm- 
Because A[X1,..., X+] is noetherian, c is finitely generated, and so c is generated by a finite 
set {f1,..., fs} of elements of L), Sm (3.15). Let d; = deg fj, and let d = maxd;. 

Let be Mn>1 a”; then be gq? +1 and so b = f(a1,...,a,) for some homogeneous 


polynomial f of degree d + 1. By definition, f € Sg4, C c, and so there exist g; € 
A[X1,...,X;] such that 


f=eifite-+esfs in A[X1,...,X,]. 


8In Nagata 1962, p.203, there is the following example. Let N = Jp U J1 LU... be a partition of N into finite 
sets with strictly increasing cardinality. Let A = k[Xo, X1,...] be the polynomial ring in a set of symbols 
indexed by N, and let p; be the prime ideal in A generated by the X; with j in J;. Let S be the multiplicative 
set A~ U pi. Then ST! A is noetherian and regular, and the prime ideal S~!p; has height |7; |. 
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As f and the f; are homogeneous, we can omit from each g; all terms not of degree 
deg f — deg fj, since these terms cancel out. In other words, we can choose the g; to be 
homogeneous of degree deg f — deg fj = d + 1—d; > 0. In particular, the constant term of 
gi is zero, and so g;(a1,...,a-) € a. Now 


b= f(a,...,dr) = 0 8G dr) filai,-..ar)€a-f | a”, 


which completes the proof of (5). 


The equality (5) can also be proved using primary decompositions — see (19.14). 


PROPOSITION 3.17. In a noetherian ring, every ideal contains a power of its radical; in 
particular, some power of the nilradical of the ring is zero. 


PROOF. Let a1,...,an generate rad(a). For each i, some power of ai, say ae lies in a. 
Then every term of the expansion of 


(ciai +e +enany tt, of € A, 


has a factor of the form ay for some i, and so lies in a. Thus rad(a) 1 +" +n C a. 


ASIDE 3.18. Ina noetherian ring, every ideal is finitely generated, but there is little that one can say 
in general about the number of generators required. For example, in k[X] every ideal is generated by 
a single element, but in k[X, Y] the ideal (X, Y)” requires at least n + 1 generators. 


ASIDE 3.19. The following example shows that the Krull intersection theorem fails for nonnoethe- 
rian rings. Let A be the ring of germs’ of C® functions at 0 on the real line. Then A is a local ring 


with maximal ideal m equal to the set of germs zero at 0, and (),,., m” consists of the germs whose 


Bias : : , ; -1/x2 
derivatives at zero are all zero. In particular, it contains the nonzero function e 1/x4. 


Exercises 


EXERCISE 3.20. Consider the subalgebra 
A=k+k[|X,Y]X =k[X,XY,XY?,..] 


of k[X, Y]. Show that A is not noetherian (hence subrings of noetherian rings need not be 
noetherian, and subalgebras of finitely generated algebras need not be finitely generated). 


4 Unique factorization 


Let A be an integral domain. An element a of A is said to be irreducible if it is neither zero 
nor a unit and admits only trivial factorizations, i.e., 


a=bc = borc isa unit. 
The element a is said to be prime if it is neither zero nor a unit and (a) is a prime ideal, i.e., 


albc => ajb or ajc. 


° A germ of a function at 0 is represented by a function f on an open neighbourhood U of 0; two pairs (f, U) 
and ( f’, U’) represent the same germ if and only if f and f’ agree on some neighbourhood of 0 in U NU’. 
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An integral domain A is called a unique factorization domain (or a factorial domain) 
if every nonzero nonunit a in A can be written as a finite product of irreducible elements in 
exactly one way up to units and the order of the factors. The uniqueness condition means 


that if 
AT Phera = leg? 


with each a; and b; irreducible, then there exists a bijection i + j(i): J — J such that 
b ja) = a; X unit for each i. Every principal ideal domain is a unique factorization domain 
(proved in most algebra courses). 


PROPOSITION 4.1. Let A be an integral domain, and let a be an element of A that is neither 
zero nor a unit. Ifa is prime, then a is irreducible, and the converse holds when A is a 
unique factorization domain. 


Thus, (a) is a prime ideal if a is irreducible and A is a unique factorization domain. 


PROOF. Assume that a is prime. If a = bc, then a divides bc and so a divides b or c. 
Suppose the first, and write b = ag. Now a = bc = aqc, which implies that gc = 1 because 
A is an integral domain, and so c is a unit. We have shown that a is irreducible. 

For the converse, assume that a is irreducible and that A is a unique factorization domain. 
If albc, then bc = aq for some q € A. On writing each of b, c, and q as a product of 
irreducible elements, and using the uniqueness of factorizations, we see that a differs from 
one of the irreducible factors of b or c by a unit. Therefore a divides b or c. 


COROLLARY 4.2. Let A be an integral domain. If A is a unique factorization domain, then 
every prime ideal of height 1 is principal. 


PROOF. Let p be a prime ideal of height 1. Then p contains a nonzero element, and hence 
an irreducible element a. We have p D (a) D (0). As (a) is prime and p has height 1, we 
must have p = (a). 


The converse is true for noetherian integral domains (21.4). 


PROPOSITION 4.3. Let A be an integral domain in which every nonzero nonunit element is 
a finite product of irreducible elements. If every irreducible element of A is prime, then A is 
a unique factorization domain. 


PROOF. We have to prove the uniqueness of factorizations. Suppose that 
aitam = bi Dy (6) 


with the a; and b; irreducible elements in A. As ay is prime, it divides one of the b;, which 
we may suppose to be b1, say bj = au. As b; is irreducible, u is a unit. On cancelling a; 
from both sides of (6), we obtain the equality 


a2:::am = (ub2)b3:--bn. 


Continuing in this fashion, we find that the two factorizations are the same up to units and 
the order of the factors. 


PROPOSITION 4.4. Let A be an integral domain in which every ascending chain of principal 
ideals becomes constant (e.g., a noetherian integral domain). Then every nonzero nonunit 
element in A is a finite product of irreducible elements. 
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PROOF. The hypothesis implies that every nonempty set of principal ideals has a maximal 
element (cf. the proof of 3.1). Assume that A has nonfactorable elements, and let (a) be 
maximal among the ideals generated by such elements. Then a is not itself irreducible, and 
so a = bc with neither b nor c units. Now (b) and (c) both properly contain (a), and so b 
and c are both factorable, which contradicts the nonfactorability of a. 


PROPOSITION 4.5. Let A be a unique factorization domain with field of fractions F. If an 
element f of A[X] factors into the product of two nonconstant polynomials in F [X], then it 
factors into the product of two nonconstant polynomials in A[X]. 


In other words, if f is not the product of two nonconstant polynomials in A[X], then it 
is irreducible in F[X]. 


PROOF. Let f = gh in F[X]. For suitable c,d € A, the polynomials gı = cg and hı = dh 
have coefficients in A, and so we have a factorization 


cdf = gıhı in A[X]. 
If an irreducible element p of A divides cd, then, looking modulo (p), we see that 
0= 7r -h in (4/(p) [X]. 


According to Proposition 4.1, the ideal (p) is prime, and so (A/(p))[X] is an integral 
domain. Therefore, p divides all the coefficients of at least one of the polynomials g1, h1, 
say g1, so that gı = p22 for some go € A[X]. Thus, we have a factorization 


(cd/p)f = g2hı in A[X]. 


Continuing in this fashion, we can remove all the irreducible factors of cd, and so obtain a 
factorization of f in A[X]. 


The proof shows that every factorization f = gh in F[X] of an element f of A[X] 
arises from a factorization f = (cg)(c~'h) in A[X] with c € F. 
Let A be a unique factorization domain. A nonzero polynomial 


f =ao+aX + +amX” 


in A[X] is said to be primitive if the coefficients a; have no common factor other than units. 
Every polynomial f in F[X] can be written f = c(f)- fı with c(f) € F and fı primitive. 
The element c( f), which is well-defined up to multiplication by a unit, is called the content 
of f. Note that f € A[X] if and only if c(f) € A. 


PROPOSITION 4.6. Let A be a unique factorization domain. The product of two primitive 
polynomials in A[X] is primitive. 


PROOF. Let 


f =ao+a1X +- +amX” 
g=bo th X +- +brX”, 


be primitive polynomials, and let p be a prime element of A. Let a;, be the first coefficient 
of f not divisible by p and bj the first coefficient of g not divisible by p. Then all the 
terms in ’ 0; 4 j=i9+ j,i) are divisible by p, except diybj), which is not divisible by p. 
Therefore, p doesn’t divide the (io + jo)th-coefficient of fg. We have shown that no prime 
element of A divides all the coefficients of fg, which must therefore be primitive. 
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Each of the last two propositions is referred to as Gauss’s lemma (Gauss proved them 
with A = Z). 


PROPOSITION 4.7. Let A be a unique factorization domain with field of fractions F, and 
let f,g € F[X]. Then 
c(fg) = c(f)-e(g). 


Hence every factor in A[X] of a primitive polynomial is primitive. 
PROOF. Let f =c(f) fi and g = c(g)g1 with fı and gı primitive. Then 
fg =c(fe(g)figi 


with fıgı primitive, and so c( fg) = c(f)c(g). 


COROLLARY 4.8. The irreducible elements in A[X] are the irreducible elements c of A 
and the nonconstant primitive polynomials f such that f is irreducible in F[X]. 


PROOF. Obvious from Propositions 4.5 and 4.7. 


THEOREM 4.9. If A is a unique factorization domain, then so also is A[X]. 


PROOF. Let f € A[X], and write f =c(f) fi. Then c(f) is a product of irreducible 
elements in A. If fi is not irreducible, then it can be written as a product of two polynomials 
of lower degree, which are necessarily primitive (4.7). Continuing in this fashion, we find 
that fı is a product of irreducible primitive polynomials, and hence that f is a product of 
irreducible elements in A[X]. 

It remains to show that each irreducible element of A[X] is prime (see 4.3). There are 
two cases (4.8). 

Let c be an irreducible element of A. If a divides the product gh of g,h € A[X], then it 
divides c(gh) = c(g)c(h). As a is prime, it divides c(g) or c(A), and hence also g or h. 

Let f be a nonconstant primitive polynomial in A[X] such that f is irreducible in F [X]. 
If f divides the product gh of g,h € A[X], then it divides g or h in F[X]. Suppose the 
first, and write fq = g with q € F[X]. Because f is primitive, c(q) = c(f)c(q), and 
c(f)c(q) = c(fq) = c(g) € A, and so q € A[X]. Therefore f divides g in A[X]. 


Let k be a field. A monomial in X,,..., Xn is an expression of the form 
x Xn aj EN. 


The total degree of the monomial is }\a;. The degree, deg(f), of a nonzero polyno- 
mial f(X1,..., Xn) is the largest total degree of a monomial occurring in f with nonzero 
coefficient. Since 


deg( fg) = deg( f ) + deg(g), 


k[X1,..., Xn] is an integral domain and k[X1,..., Xn|* = k*. Therefore, an element f of 
k[X1,..., Xn] is irreducible if it is nonconstant and f = gh = > g or h is constant. 


THEOREM 4.10. The ring k[X1,..., Xn] is a unique factorization domain. 
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PROOF. Note that 


A[X1,...,Xn] = A[X1,..., Xn—-1] [Xn]. (7) 
This simply says that every polynomial f in n symbols X1,..., Xn can be expressed uniquely 
as a polynomial in X;, with coefficients in k[X1,..., Xn-1], 


F(X... Xn) = a0(X1,...,Xn—-1) Xp +- tar (X1,...,Xn-1). 


The theorem is trivially true when n = 0, and (7) allows us to deduce it from (4.9) for all n. 


COROLLARY 4.11. A nonzero proper principal ideal ( f ) in k[X1,..., Xn] is prime if and 
only f is irreducible. 


PROOF. Special case of Proposition 4.1. 


5 Rings of fractions 


Recall that a multiplicative subset of a ring is a nonempty subset closed under the formation 
of finite products. In particular, it contains 1 (the empty product). 
Let S be a multiplicative subset of a ring A. Define an equivalence relation on A x S by 


(a,s) ~ (b,t) <= > u(at—bs) = 0 for some u E€ S. 


Write ¢ for the equivalence class containing (a,s), and define addition and multiplication of 
equivalence classes according to the rules: 


a4 5 — attbs ab _ ab 


Ss t 2 st st’ 


It is easily checked these do not depend on the choices of representatives for the equivalence 
classes, and that we obtain in this way a ring 


S'A={4|aeA,s€S} 


and a ring homomorphism a +> $:A —*, 5-14 whose kernel is 
{a € A | sa = 0 for some s € S}. 


If S contains no zero-divisors, for example, if A is an integral domain and 0 ¢ S, then ig is 
injective. At the opposite extreme, if 0 € S, then S~! A is the zero ring. 


A homomorphism A — B factors through A —*, 5-14 if and only if the image of S in 
B consists of units. More formally: 


PROPOSITION 5.1. The pair (S~!A,ig) has the following universal property: 
is 1 

every element of S maps to a unit in S~! A, and j ee 

every other ring homomorphism a: A — B with bs J! 


this property factors uniquely through is a 
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PROOF. Let a: A > B be such a homomorphism, and let 8: S~! A > B be a homomorphism 
such that f ois = a. Then 


Ts = t = PLG) =PO) = a6)8Q) =la) 
and so 
B(S) = alaa). (8) 
This shows that there can be at most one £ such that B ois; = a. We define 6 by the formula 
(8). Then 


a=b — y(qt—bs) = 0 some u € S 


S t 


=> a(a)a(t)—a(b)a(s) =0 because a(u) € B*, 


which shows that 6 is well-defined, and it is easy to check that it is a homomorphism. 


As usual, this universal property determines the pair (S~!A,ig) uniquely up to a unique 
isomorphism. ! 

When A is an integral domain and S = A ~ {0}, the ring ST! A is the field of fractions 
F of A. In this case, for every other multiplicative subset T of A not containing 0, the ring 
TT! A can be identified with the subring of F consisting of the fractions € with a € A and 
tel. 


EXAMPLE 5.2. Leth € A. Then Sp = {1,h,h?, ...} is a multiplicative subset of A, and we 
let A, = S'A. Thus every element of A} can be written in the form a/ h”, a € A, and 


fo = Pr <= h (ah”—bh”)=0, some N. 


If h is nilpotent, then A; = 0, and if A is an integral domain with field of fractions F and 
h Æ 0, then A; is the subring of F of elements that can be written in the form a/ h”, a € A, 
meN. 


PROPOSITION 5.3. For every ring A and h € A, the map Y a; Xi > X mi defines an 
isomorphism 
A[X]/(1—-hX) > Ap. 


PROOF. If h = 0, both rings are zero, and so we may assume h Æ 0. In the ring 
A[x] = A[X]/(1—hX), 


1 = hx, and so A is a unit. Let a: A > B be a homomorphism of rings such that a(h) is a 
unit in B. The homomorphism 


aX! BY; a(aj)a(h): A[X] > B 


factors through A[x] because 1—hX > 1—a(h)a(h)~! = 0, and this is the unique extension 
of œ to A[x]. Therefore A[x] has the same universal property as Ay, and so the two are 
(uniquely) isomorphic by an A-algebra isomorphism that makes h~! correspond to x. 


!0Recall the proof: let (A1,i1) and (Az,i2) have the universal property in the proposition; because every 
element of S maps to a unit in A2, there exists a unique homomorphism @: A; — A2 such that œ oi; = i2 
(universal property of A1 , i1); similarly, there exists a unique homomorphism g’: A2 — Aj such that a’ oiz = i1; 
now 

a’ oaoiy =g 0i2 =i, = id4, 11, 
and so a’ oa = id4, (universal property of A1,i1); similarly, œ og’ = id4,, and so œ and a’ are inverse 
isomorphisms (and they are uniquely determined by the conditions œ oi, = i2 and a’ oi2 = i1). 
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Let S be a multiplicative subset of a ring A and S7! A the corresponding ring of fractions. 
For every ideal a in A, the ideal generated by the image of ain S~!A is 


S“ta={4|aea, seS}. 


If a contains an element of S, then ST ta contains 1, and so is the whole ring. Thus some of 
the ideal structure of A is lost in the passage to ST 1A, but, as the next proposition shows, 
some is retained. 


PROPOSITION 5.4. Let S be a multiplicative subset of the ring A, and consider extension 
at» af = S~!q and contraction a œ> af = fa € A | + € a} of ideals with respect to the 
homomorphism is: A > S~!A. Then 


a° =a forall ideals of S~'A 
a =a if a is a prime ideal of A disjoint from S. 

Moreover, the map p +> p° is a bijection from the set of prime ideals of A disjoint from S 
onto the set of all prime ideals of S~! A; the inverse map is p +> p°. 


PROOF. Let a be an ideal in S~! A. Certainly af? C a. For the reverse inclusion, let b € a. 
We can write b = Ẹ witha € A, s € S. Then Ẹ = s(£) € a, and so a € a°. Thus b = £ €a°, 
and so a C a°®. 

Let p be a prime ideal of A disjoint from S. Clearly p°° D p. For the reverse inclusion, 
let a € p® so that Í = £ for some a’ € p, s € S. Then t (as — a’) = 0 for some t € S, and 
so ast € p. Because st ¢ p and p is prime, this implies that a € p, and so p®° C p. 

Let p be a prime ideal of A disjoint from S, and let S be the image of S in A/p. 
Then (S~!A)/p* ~ S~!(A/p) because S~!A/p® has the correct universal property, and 
S~!(A/p) is an integral domain because A/p is an integral domain and § doesn’t contain 
0. Therefore pê is prime. From (2.12) we know that p° is prime if p is, and so p œ> pê and 
p> p° are inverse bijections on the two sets. 


COROLLARY 5.5. If A is noetherian, then so also is S~! A for every multiplicative set S. 


PROOF. As 6° is finitely generated, so also is (6°)° = b. 


Let spec(A) denote the set of prime ideals in A. Then Proposition 5.4 says that 
spec(S~!A) ~ {p € spec(A) | pN S = Ø}. 


PROPOSITION 5.6. Let g: A — B be a ring homomorphism. A prime ideal p of A is the 
contraction of a prime ideal in B if and only if p = p°°. 

PROOF. Suppose p = q° with q prime. Then p°* = q°°° L q° = p. Conversely, suppose 
that p = p°°, and let S = Ax p. Let s € S; if p(s) € pf, then s € p® = p, contradicting the 
definition of S. Therefore (S) is disjoint from p°. It is a multiplicative subset of B, and 
so there exists a prime ideal q in B containing pê and disjoint from g(S) (apply 2.2). Now 
gy !(q) contains p and is disjoint from S, and so it equals p. 
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EXAMPLE 5.7. Let p be a prime ideal in A. Then Sy SAN p is a multiplicative subset of 
A, and we let Ay = Sy 1 A. Thus each element of Ay can be written in the form = c £ p, and 


a—8 <=> s(ad—bc) = 0, some s ¢ p. 


A prime ideal is disjoint from Sp if and only if it is contained p, and so 


spec(Ay) = {q € spec(A) | q C p}. 
Therefore, Ay is a local ring with maximal ideal m = pê = {$ | a € p, s € p}. 


PROPOSITION 5.8. Let m be a maximal ideal of a ring A, and let n = mA, be the maximal 
ideal of Am. For all n, the map 


a+ m” matn”: A/m” > Ay/n” 
is an isomorphism. Moreover, it induces isomorphisms 
m/m” > n” /n” 
for all pairs (r,n) withr <n. 


PROOF. The second statement follows from the first, because of the exact commutative 
diagram (r <n): 


0 —> m/m" ——> A/m” ——> A/m” — 0 


[| of | 


0 ——> n/n” ——> An/n” — An/n” — 0. 


We consider extension and contraction with respect to a œ> 4:A > Am. Note that 
n” = (m”)®, and so the kernel of A/m” —> Am/n” is (m")°°/m". Let a € (m”)°°. Then 
$ = a with b € m” and s € S, and so tsa € m” for some t € S. Therefore tsa = 0 in 
A/m”. Every maximal ideal of A containing m contains rad(m”) = m, and so equals m. 
Therefore the only maximal ideal in A/m” is m/m”. But ts is not in m/m”, and so it must 
be a unit in A/m”. Therefore a = 0 in A/m”, which means that a € m”. We deduce that 
A/m” — Am/n” is injective. 

It remains to prove that A > Am/n” is surjective. Let $ € Am, a E€ A, s E ANm. As 
we just showed, the only maximal ideal of A containing m” is m, and so no maximal ideal 
contains both s and m”. Therefore (s) +m” = A, and so sb +q = 1 for some b € A and 
q € m”. Hence 

s(ba) =a(1—@q). (9) 
On passing to Am and multiplying by s—!, we find that 


ba __a_ aq 
S S 


As @ € n”, this shows that ¢ mod n” is in the image of A > Am/n”. 
PROPOSITION 5.9. In a noetherian ring A, only 0 lies in all powers of all maximal ideals: 
( \im" | m maximal, n € N} = {0}. 


PROOF. Leta be an element of a noetherian ring A. If a Æ 0, then its annihilator {b | ba = 0} 
is a proper ideal in A, and so it is contained in some maximal ideal m. Then $ is nonzero in 
Am, and so a ¢ (mAm)” for some n (by the Krull intersection theorem 3.16), which implies 
that a ¢ m” (by 5.8). 
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Modules of fractions 


Let S be a multiplicative subset of the ring A, and let M be an A-module. Define an 
equivalence relation on M x S by 


(m,s)~ (n,t) 4= u(tm—sn) = 0 for some u E€ S. 


Write % for the equivalence class containing (m,s), and define addition and scalar multipli- 
cation by the rules: 


m n _ mt-+ns am _ am 
sty a: epee MneEM,;, StES, wed, 


It is easily checked these do not depend on the choices of representatives for the equivalence 
classes, and that we obtain in this way an S~! A-module 


S'M={@|meM,se€S} 


and a homomorphism m +> 4: M —*, 5-1 M of A-modules whose kernel is 
{a € M | sa = 0 for some s € S}. 


A homomorphism M — N of A-modules factors through M —> S~!M if and only if 
every element of S acts invertibly on N. More formally: 


PROPOSITION 5.10. The pair (S~!M,is) has the following universal property: 


the elements of S act invertibly on S~'M, and M > S-1M 
every homomorphism M — N from M to an A- ' 
module N on which the elements of S act invert- N = 
ibly factors uniquely through is N. 


PROOF. Similar to that of Proposition 5.1. 


In particular, for every homomorphism a: M — N of A-modules, there is a unique 
homomorphism S~!a:S~!M —> STIN such that S~!a ois =ig 0a: 


M = s-1M 


e Ja 


N 5; S-IN. 


In other words, ST tœ is the unique homomorphism of S~!A-modules STIM —> STIN 
such that 


-1 — am) 
(S a)(*) a z = ’ ME M, 
In this way, M ~> S~!M becomes a functor from A-modules to S~! A-modules. 


PROPOSITION 5.11. The functor M ~> S~!M is exact. In other words, if the sequence of 


A-modules 


M M Ê M" 


is exact, then so also is the sequence of S~! A-modules 


=i =j 
STIM! as STIM DARLA STIM". 
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PROOF. Because Bow = 0, we have 0 = ST! (Bow) = S~!BoS~!a. Therefore Im(S~!a) C 
Ker(S7 t6). For the reverse inclusion, let A € Ker(S~!8) where m € M and s € S. Then 
m) _ — = A 

A= = 0 and so, for some t € S, we have t (B(m)) = 0. Then $ (tm) = 0, and so tm = a(m’) 
for some m’ € M’. Now 


_ tm _ alm’) -1 
m m — SV €lm(S a). 


EXAMPLE 5.12. Let M be an A-module. For h € A, let Mp = S; 'M where Sp = 


{1,h,h?, ...}. Then every element of M, can be written in the form ir meM,r €N, and 
ir = m, if and only if AY (h” m—h"m’) = 0 for some N € N. 


PROPOSITION 5.13. Let M be a finitely generated A-module. If S71 M = 0, then there 
exists an h € S such that M, = 0. 


PROOF. To say that S -1M = 0 means that, for each x € M, there exists an sy € S such 


that sxx = 0. Let x1,..., Xn generate M. Then h = Sx, °*'Sx, lies in S and has the property 
that hM = 0. Therefore Mp = 0. 


PROPOSITION 5.14. Let M be an A-module. The canonical map 
M > ] [Mn | m a maximal ideal in A} 
is injective. 


PROOF. Let m € M map to zero in all Mm. The annilator a = {a € A | am = 0} of m is 
an ideal in A. Because m maps to zero Mm, there exists an s € A~ m such that sm = 0. 
Therefore ais not contained in m. Since this is true for all maximal ideals m, a = A (by 2.3), 
and so it contains 1. Now m = 1m = 0. 


COROLLARY 5.15. An A-module M = 0 if Mm = 0 for all maximal ideals m. 


PROOF. Immediate consequence of the lemma. 


PROPOSITION 5.16. A sequence 


Mm MĖ mM" (10) 
is exact if and only if 
M! 25 Ma —> M! (11) 


is exact for all maximal ideals m. 


PROOF. The necessity is a special case of Proposition 5.11. For the sufficiency, let N = 
Ker(6)/Im(q@). Because the functor M ~> Mwn is exact, 


Nm = Ker (fm) / IM(&m). 


If (11) is exact for all m, then Nm = 0 for all m, and so N = 0 (by 5.15). But this means 
that (10) is exact. 
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COROLLARY 5.17. A homomorphism M — N of A-modules is injective (resp. surjective, 
zero) if and only if Mm —> Nw is injective (resp. surjective, zero) for all maximal ideals m. 


PROOF. Apply the proposition to 0 ~ M —> N (resp. M —> N > 0, M En M >N). 


PROPOSITION 5.18. Let St be the nilradical of A. For every multiplicative subset S of A, 
STIN is the nilradical of S7? A. 


PROOF. Leta € A and s € S. If (¢)” = 0, then ta” = 0 for some t € S, and so $ = ee = 
STIN. Conversely, if a € N, then clearly Z is in the nilradical of S =A, 


COROLLARY 5.19. A ring A is reduced if and only if Am is reduced for all maximal ideals 
min A. 


PROOF. Combine Proposition 5.18 with Corollary 5.15. 


EXAMPLE 5.20. Let p be a prime ideal in a ring A. When we apply Proposition 5.11 to the 
exact sequence 
0>p—>A-—>A/p-0 


with S = Sp, we obtain an isomorphism 


Ap/pAp ~ K(p) 


where «x (p) is the field of fractions of A/p. 


Exercises 


EXERCISE 5.21. (Bourbaki AC, II, §2, Exercise 1.) A multiplicative subset S of a ring A is 
said to be saturated if 
abe S => aandbeS. 


(a) Show that the saturated multiplicative subsets of A are exactly the subsets S such that 
A~ S is a union of prime ideals. 

(b) Let S be a multiplicative subset of A, and let S be the set of a € A such that ab € S 
for some b € A. Show that S is a saturated multiplicative subset of A (hence it is the 
smallest such subset containing S), and that A ~ S is the union of the prime ideals of 
A not meeting S. Show that for every A-module M, the canonical homomorphism 
S1M > S-'M is bijective. In particular, S~!.A ~ S14. 


EXERCISE 5.22. Let A > B be a homomorphism of rings, and let p be a prime ideal of A. 
Show that the prime ideals of B lying over p are in natural one-to-one correspondence with 
the prime ideals of B @ 4 k(p). 


EXERCISE 5.23. Show that a ring A is reduced if and only if it can be realized as a subring 
of a product of fields. (Hint: Consider the map A > IT, k(p) where p runs over the minimal 
prime ideals of A.) 
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6 Integral dependence 


Let A be a subring of a ring B. An element a of B is said to be integral over A if it is a root 
of amonic!! polynomial with coefficients in A, i.e., if it satisfies an equation 


a” +aja” T! +640, =0, we A, 


More generally, an element of an A-algebra B is integral over A if it is integral over the 
image of A in B. If every element of B is integral over A, then B is said to be integral over 
A. 

In the next proof, we shall need to apply a variant of Cramer’s rule. We define the 
determinant of an m x m matrix C = (cij) with coefficients c;; in a ring A by the usual 
formula 


det(C) = > sign (o )c1o(1) t Cmo(m)- 


oESm 


Clearly, det(C ) is linear in each column, and det(C) = 0 if two columns are equal because 
then each term occurs twice but with opposite signs. If x1,...,Xm is a solution to the system 
of linear equations 


m 
a = 0 i=l1,...,m, 
j=l 
with coefficients in a ring A, then 
det(C):xj =0, jf =1,...,m, (12) 
where C is the matrix of coefficients. To prove this, expand out the left hand side of 


Ci cai Cij-1 Sopeuer Cape ax Cim 
det : : : : : =0 


using the properties of determinants mentioned above. 


PROPOSITION 6.1. Let A be a subring of a ring B. An element a of B is integral over A 
if and only if there exists a faithful A[æ]-submodule of B that is finitely generated as an 
A-module. 


PROOF. =>: Suppose that 
a” +aia” T! +---+an=0, wed, 


Then the A-submodule M of B generated by 1, œ, ..., &”7 t has the property that «M C M, 
and it is faithful because it contains 1. 

<: Let M be an A-module in B with a finite set {e1,..., en} of generators such that 
aM C M and M is faithful as an A[æ]-module. Then, for each i, 


ae; = J aije j, some aj; € A. 


11A polynomial is monic if its leading coefficient is 1, i.e., f(X) = X” + terms of degree less than n. 
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We can rewrite this system of equations as 


(œ — a 41) — 4122 — 413€3 — = 0 
—d21e1 + (œ —d22)e2 —a23€3 — + = 


Let C be the matrix of coefficients on the left-hand side. Then Cramer’s rule (12) tells 
us that det(C)-e; = 0 for alli. As M is faithful and the e; generate M, this implies that 
det(C) = 0. On expanding out det(C ), we obtain an equation 


stage” +60 “+e4tg,=0; eed, 


PROPOSITION 6.2. An A-algebra B is finite if it is generated as an A-algebra by a finite 
number of elements, each of which is integral over A. 


PROOF. We may replace A with its image in B. Suppose that B = A[a1,...,@m| and that 


qi tayo," ~ +--+ain, =0, ay EA, i=1,...,m. 


Every monomial in the a; divisible by some an is equal (in B) to a linear combination of 


monomials of lower degree. Therefore, B is generated as an A-module by the monomials 
all! l <ri <ni 
1 m»iali i. 


COROLLARY 6.3. An A-algebra B is finite if and only if it is finitely generated and integral 
over A. 


PROOF. <=: Immediate consequence of (6.2). 

=: We may replace A with its image in B. Then B is a faithful A[æ]-module for all 
a € B (because 1g € B), and so (6.1) shows that every element of B is integral over A. As 
B is finitely generated as an A-module, it is certainly finitely generated as an A-algebra. 


PROPOSITION 6.4. Consider rings A C B C C. If B is integral over A and C is integral 
over B, then C is integral over A. 


PROOF. Lety € C. Then 
y+ by") + +bn=0 


for some b; € B. Now A[b1,..., bn] is finite over A (see 6.2), and A[b1,...,bn][y] is finite 
over A[bı,...,bn], and so it is finite over A. Therefore y is integral over A by (6.1). 


THEOREM 6.5. Let A be a subring of a ring B. The elements of B integral over A form an 
A-subalgebra of B. 


PROOF. Let a and f be two elements of B integral over A. As just noted, A[a, A] is finitely 
generated as an A-module. It is stable under multiplication by œ + f and œf and it is faithful 
as an A[a + 6]-module and as an A[æf]-module (because it contains 1 4). Therefore (6.1) 
shows that œ + f and of are integral over A. 


DEFINITION 6.6. Let A be a subring of the ring B. The integral closure of A in B is the 
subring of B consisting of the elements integral over A. When A is an integral domain, the 
integral closure of A in its field of fractions is called the integral closure of A (tout court). 
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PROPOSITION 6.7. Let A be an integral domain with field of fractions F, and let E be a 
field containing F. Ifa € E is algebraic over F , then there exists a nonzero d € A such that 
da is integral over A. 


PROOF. By assumption, @ satisfies an equation 
agi! Ee hap =0.. aj EF. 


Let d be a common denominator for the a;, so that da; € A for all i, and multiply through 
the equation by d”: 


d”a” Laid a hinted =0. 
We can rewrite this as 


(da)™ +.a,d(da)”!+---+amnd™ =0. 


As a1d,...,dmd™ € A, this shows that da is integral over A. 


COROLLARY 6.8. Let A be an integral domain and let E be an algebraic extension of the 
field of fractions of A. Then E is the field of fractions of the integral closure of A in E. 


PROOF. In fact, the proposition shows that every element of E is a quotient f/d with £ 
integral over A and d € A. 


DEFINITION 6.9. An integral domain A is is said to be integrally closed or normal if it is 
equal to its integral closure in its field of fractions F, i.e., if 


aéF, «integral over A => qQ €E Á. 
PROPOSITION 6.10. Every unique factorization domain is integrally closed. 


PROOF. Let A be a unique factorization domain. An element of the field of fractions of 
A not in A can be written a/b with a,b € A and b divisible by some prime element p not 
dividing a. If a/b is integral over A, then it satisfies an equation 


(a/b)" +a,(a/b)" T! +---+an =0, ai €A. 
On multiplying through by b”, we obtain the equation 
a” +aja”T!b +---+anb” = 0. 


The element p then divides every term on the left except a”, and hence must divide a”. 
Since it doesn’t divide a, this is a contradiction (as A is a unique factorization domain). 


Let F C E be fields, and let œ € E be algebraic over F. The minimum polynomial of 
a over F is the monic polynomial in F [X] of smallest degree having a as a root. Then f is 
the (unique) monic generator of the kernel of the homomorphism X > a: F[X] > Ffa], 
and so this map defines an isomorphism F[X]/ (f) > F [a], i.e., 


F|x] > Fla], x<oa. 


A conjugate of a is an element a’ in some field containing F such that f(a’) = 0. Then f 
is the minimum polynomial of œ’ over F, and so there is an isomorphism 


Fjo] >~ Fla], aoa’. 
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PROPOSITION 6.11. Let A be a normal integral domain and E a finite extension of the 
field of fractions F of A. An element of E is integral over A if and only if its minimum 
polynomial over F has coefficients in A. 


PROOF. Let aw be integral over A, so that 
a” + aya 14.--+am=0, someaj eA, m>O0. 


Let f be the minimum polynomial of œ over F, and let L a field containing F and splitting 
f. For every conjugate a’ of œ in L, there is an isomorphism o: F [a] —> F[a’] sending a to 
a’. On applying o to the above equation we obtain an equation 


a” yaja l 426+4a,=0 


demonstrating that a’ is integral over A. As the coefficients of f are polynomials in the 
conjugates of a in L, it follows from Theorem 6.5 that the coefficients of f are integral over 
A. They lie in F, and A is integrally closed in F, and so they lie in A. This proves the “only 
if’ part of the statement, and the “if” part is obvious. 


COROLLARY 6.12. Let A be a normal integral domain with field of fractions F, and let f 
be a monic polynomial in A[X]. Then every monic factor of f in F |X] has coefficients in 
A. 


PROOF. It suffices to prove this for an irreducible monic factor g of f in F[X]. Let a bea 
root of g in some extension field of F. Then g is the minimum polynomial of œ over F. As 
a is a root of f, it is integral over A, and so g has coefficients in A. 


We shall need a more general form of Corollary 6.12. 


LEMMA 6.13. Let A be a ring and B an A-algebra. Let f,g € B[T] be monic polynomials 
such that g divides f. If the coefficients of f are integral over A, then so also are those of g. 


PROOF. There exists a ring B’ containing B such that f splits in B’[T]. This can be 
constructed in the same as way as the splitting field of a polynomial over a field.!? The roots 
of f in B’ are integral over the A-subalgebra of B generated by the coefficients of f, and 
hence over A (see 6.4). As the roots of g are also roots of f, they are integral over A. The 
coefficients of g are polynomials in its roots, and hence are integral over A (see 6.5). 


PROPOSITION 6.14. Let A C B be rings, and let A’ be the integral closure of A in B. For 
every multiplicative subset S of A, S~! A’ is the integral closure of S~!A in S~'B. 


PROOF. Let b/s € S~!A’ with b € A’ and s € S. Then 


b” +4 )b"" 1 +.---+a, =0 


BY” ai (by dn _ 
(2) 421 (2) ate 


12]f deg( f) < 1, we take B’ = B. Otherwise, let Bı = B[T]/(/). As f is monic, deg( fg) = deg(f) + 
deg(g) for any polynomial g € B[T], and so (f)M B = {0}. Therefore the map B — B, is injective. On the 
other hand, f has a root b = T mod(f) in B1, and so f = (T — b) fı in By[T] with fı monic. If deg( f1) > 1, 
apply the same argument to it and B1. Continuing in this fashion, we eventually arrive at the required ring B’. 


for some a; € A, and so 
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Therefore b/s is integral over S~!A. This shows that S~! A’ is contained in the integral 
closure of S~! A. 
For the converse, let b/s (b € B, s € S) be integral over S~! A. Then 


b\" afb mi an 
CETORI 


for some a; € A and s; € S. On multiplying this equation by s”s7---s7, we find that 
S1+*+Snb € A’, and therefore that b/s = s1 -++Snb/s81-++5, E€ STHA. 


COROLLARY 6.15. Let A C B be rings and S a multiplicative subset of A. If A is integrally 
closed in B, then S~! A is integrally closed in S~! B. 


PROOF. Special case of the proposition in which A’ = A. 


PROPOSITION 6.16. The following conditions on an integral domain A are equivalent: 
(a) A is integrally closed; 
(b) Ap is integrally closed for all prime ideals p; 
(c) Am is integrally closed for all maximal ideals m. 


PROOF. The implication (a)= (b) follows from (6.15), and (b)= (c) is obvious. For (c)= (a), 
let A’ be the integral closure of A in its field of fractions F. Then (A’) is the integral 
closure of Am in F (by 6.14). If (c) holds, then Am — (A’)m is surjective for all maximal 
ideals m in A, which implies that A —> A’ is surjective (by 5.17), and so A is integrally 
closed. 


We shall need to use the next statement in the proof of Zariski’s main theorem (Chapter 
17). 


PROPOSITION 6.17. Every polynomial ring over a normal integral domain is a normal 
integral domain. 


PROOF. It suffices to prove that if A is a normal integral domain, then A[T] is a normal 
integral domain. Let F be the field of fractions of A. If an element of the field of fractions 
F(T) of A[T] is integral over A[T], then it is integral over F[T], and so lies in F [T] (see 
6.10). We can now apply the next proposition with B = F. 


PROPOSITION 6.18. Let B be an A-algebra. If a polynomial in B[T] is integral over A[T], 
then each of its coefficients is integral over A. 


PROOF. We may replace A with its image in B. Suppose that P € B[T] is a root of the 
polynomial 
Q(X) = X"+ AX" +t fa, fi € ALT]. 


Let r be greater than the degrees of the polynomials P, fi,..., fa. Let Pi(T) = P(T)—-T’, 
and let 


def 


qg (X) = q(X +T") = X” 491 X" 1 4--4+8n, gi €A[T]. 
Then P is a root of q1 (X), 


P? +g PIT! + + 8n = 0, 
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and so 
gn =— P1 (PP! + gi PP? +e + gn-1). 


The choice of r implies that both Pı and gn are monic (as polynomials in T). As gn has 
coefficients in A, Lemma 6.13 shows that the coefficients of Pı are integral over A. This 
implies that the coefficients of P are integral over A. 


Exercises 


EXERCISE 6.19. A ring A is said to be normal if Ay is a normal integral domain for all 
prime ideals p in A. Show that a noetherian ring is normal if and only if it is a finite product 
of normal integral domains. 


EXERCISE 6.20. Prove the converse of Proposition 6.18. 


EXERCISE 6.21. Let A be an integral domain and A’ its integral closure. Show that the 
integral closure of A[T] is A’[T]. 


7 The going-up and going-down theorems 


The going-up theorem 


PROPOSITION 7.1. Let A C B be integral domains, with B integral over A. Then B is a 
field if and only if A is a field. 


PROOF. Suppose that A is a field, and let b be a nonzero element of B. Then 
b” +4 )b""' +----+ a, =0 


for some a; € A, and we may suppose that n is the minimum degree of such a relation. As 
B is an integral domain, an Æ 0, and the equation 


b-(b" | +ayb" 7 +++ +an-1)a,' =—1 


shows that b has an inverse in B. 
Conversely, suppose that B is a field, and let a be a nonzero element of A. Then a has 
an inverse a7! in B, and 


a ania OY ea, = 0 
for some a; € A. On multiplying through by a”—!, we find that 
a`! +a, +a2a---+ana"* =0, 


and so 
a = —(aı +asa+s + ana” !) € A. 


REMARK 7.2. The second part of the proof shows that AN B* = A*. 
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COROLLARY 7.3. Let A C B be rings with B integral over A. Let q be a prime ideal of B, 
and let p = qN A. Then q is maximal if and only if p is maximal. 


PROOF. Apply the proposition to A/p C B/q. 


COROLLARY 7.4 (INCOMPARABILITY). Let A C B be rings with B integral over A, and 
let q C q’ be prime ideals of B. If gn A = q' NA, then q = q’. 


In other words, if B D A is integral over A, then there is no containment relation between 
the prime ideals of B lying over a given prime ideal of A. 


PROOF. Let p = qN A = q'N A. Then Ap C By, and By is integral over Ap. The ideals 
qBp C q' Bp are both prime ideals of By lying over p Ap, which is maximal, and so q Bp = q' Bp 
(by 7.3). Now 
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q = (qBy)° = (q' By)° = q. 


PROPOSITION 7.5. Let A C B be rings with B integral over A, and let p be a prime ideal 
of A. Then there exists a prime ideal q of B such that p = qN A. 


PROOF. We have Ap C By, and By is integral over Ap. Let n be a maximal ideal in By 
(which exists by 2.3), and let q be the inverse image of nin B. We claim that q N A = p. 

The ideal nN Ap is maximal (7.3), but pAy is the unique maximal ideal of Ay, and so 
nN Ap = pApy. From the commutative diagram 


—w 


ro 


A —> Ap, 


we see that q N A is the inverse image of pAp in A. But the inverse image of pAp in A is p 
(as p°° = p; see 5.4). 


THEOREM 7.6. Let A C B be rings with B integral over A. Let p C p' be prime ideals of 
A, and let q be a prime ideal of B such that qN A = p. Then there exists a prime ideal q/ of 
B containing q and such that q N A = p’: 


PROOF. We have A/p C B/q, and B/q is integral over A/p. According to the (7.5), there 
exists a prime ideal q” in B/q such that q” N (A/p) = p’/p. The inverse image q’ of q” in B 
has the required properties. 


COROLLARY 7.7. Let A C B be rings with B integral over A, and let py C -++ C py be 
prime ideals in A. Let 
qi CC dm (m<n) (13) 
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be prime ideals in B such that q; ÑO A = p; for alli < m. Then (13) can be extended to a 
chain of prime ideals 


qi C Cdn 
such that q; 1 A = p; for alli <n: 
qi C = C qm € H C qn 
pı C ais C Pm a e C Pn 


PROOF. Immediate consequence of Corollary 7.6. 


Theorem 7.6 and its corollary 7.7 are known as the going-up theorem (of Cohen and 
Seidenberg). 


ASIDE 7.8. The going-up theorem (7.6) fails for the rings Z C Z[X]: consider the prime ideals 
(0) C (2) of Z, and the prime ideal q = (1+ 2X) of Z[X]; then qN Z = (0), but a prime ideal q’ of 
Z[X ] containing q and such that q’ N Z = (2) would have to contain (2,1 + 2X) = Z[X] (mo159544). 


The going-down theorem 


Before proving the going-down theorem, we need to extend some of the definitions and 
results from earlier in this section. 

Let A C B be rings, and let a be an ideal of A. An element b of B is said to be integral 
over a if it satisfies an equation 


b” + a,b" 1 +++ +an =0 (14) 


with the a; € a. The set of elements of B integral over a is called the integral closure of a in 
B. The proof of Proposition 6.1 shows that b € B is integral over a if there exists a faithful 
A[b]-submodule M of B, finitely generated as an A-module, such that bM C aM. 

Note that if b” is integral over a, so also is b (the equation (14) for b” can be read as a 
similar equation for b). 


LEMMA 7.9. Let A’ be the integral closure of A in B. Then the integral closure of a in B is 
the radical of aA’. 


PROOF. Let b € B be integral over a. From (14) we see that b € A’ and that b” € aA’, and 
so b is in the radical of aA’. 
Conversely, let b be in the radical of aA’, so that 


p=") dixi, somem>0, aj€a, x; EA’. 
l 


As each x; is integral over A, M © Af[xı,..., Xn] is a finite A-algebra (see 6.2). As b” M C 
aM , we see that b” is integral over a, which implies that b is integral over a. 


In particular, the integral closure of a in B is an ideal in A’, and so it is closed under the 
formation of sums and (nonempty) products. 


PROPOSITION 7.10. Let A be a normal integral domain, and let E extension of the field 
of fractions F of A. If an element of E is integral over an ideal a in A, then its minimum 
polynomial over F has coefficients in the radical of a. 
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PROOF. Let a be integral over a, so that 
a” + aya") +.--+a, =0 


for some n > 0 and a; € a. As in the proof of Proposition 6.11, the conjugates of œ satisfy 
the same equation as q, and so are also integral over a. The coefficients of the minimum 
polynomial of œ over F are polynomials without constant term in its conjugates, and so they 
are also integral over a. As these coefficients lie in F, they lie in the integral closure of a in 
F, which is the radical of a (by 7.9). 


THEOREM 7.11. Let A C B be integral domains with A normal and B integral over A. Let 
p D p’ be prime ideals in A, and let q be a prime ideal in B such that qN A = p. Then q 
contains a prime ideal q' in B such that q N A = p’: 


B q Dq 


A p Dp. 


PROOF. The prime ideals of B contained in q are the contractions of prime ideals in By (see 
5.4), and so we have show to that p’ is the contraction of a prime ideal of Bg, or, equivalently 
(see 5.6), that 
AN (p’ Bay) =p’. 
Let b € p’B,. Then b = y/s with y € p’B ands € B ~ q. By (7.9), y is integral over p’, 
and so (by 7.10) the minimum equation 


of y over the field of fractions F of A has coefficients a; € p’. 
Suppose that b € A N p’ By. Then b7! € F, and so, on replacing y with bs in (15) and 
dividing through by b”, we obtain the minimum equation for s over F: 


s” + (a, /b)s™ 1 +--+ (am/b™) = 0. (16) 


But s is integral over A, and so (by 6.11), each coefficient a; /b' € A. Suppose that 
b ¢ p’. The coefficients a; /b’ € p’, and so (16) shows that s” € p'B C pB C q, and so $ € q, 
which contradicts its definition. Hence b € p’, and so A N p’ By = p’ as required. 


COROLLARY 7.12. Let A C B be integral domains with A normal and B integral over A. 
Let pı D+; D py be prime ideals in A, and let 


qi D=: Dqm (m<n) (17) 


be prime ideals in B such that q; ÑO A = p; for alli. Then (17) can be extended to a chain of 
prime ideals 


such that q; N A = p; for alli: 


PROOF. Immediate consequence of the theorem. 


Theorem 7.11 and its corollary 7.12 are known as the going-down theorem (of Cohen 
and Seidenberg). The going-down theorem also holds for flat A-algebras — see (11.20). 
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8 Noether’s normalization theorem 


THEOREM 8.1 (NOETHER NORMALIZATION THEOREM). Every finitely generated alge- 
bra A over a field k contains a polynomial algebra R such that A is a finite R-algebra. 


In other words, there exist elements y1,..., yr of A that are algebraically independent over 
k and such that A is finite over k[y1,..., yr]. 

Let A = k[x1,...,Xn]. If the x; are algebraically independent, then there is nothing 
to prove. Otherwise, the next lemma shows that A is finite over a subring k[x},...,x/,_1]. 
Continuing in this fashion, we arrive at a proof. 


LEMMA 8.2. Let A = k[x1,..., Xn] be a finitely generated k-algebra, and let {x1,..., xq} 
be a maximal algebraically independent subset of {x1,...,Xn}. Ifn > d, then there exist an 
m € N such that A is finite over its subalgebra k[x1 —x}",...,xq —x™ xa. ia Xai]: 


PROOF. By assumption, the set {x1,..., Xq, Xn} is algebraically dependent, and so there 
exists a nonzero f € k[X1,..., Xq, T] such that 


f(x1,..., Xd, Xn) = 0. (18) 


Because the set {x1,..., Xq} is algebraically independent, T occurs in f, and so we can 
write 
f(X1,..., Xa, T) = aoT” +a T"! +- +ar 


with a; € k[X1,..., X4], ao #0, and r > 0. 

If ag € k, then (18) shows that x, is integral over k[x1,...,xq]. Hence x1,..., Xn are 
integral over k[x1,...,Xn—1], and so A is finite over k[x1,...,Xn—1] (see 6.3). Thus the 
lemma holds with m = 0. 

If ado ¢ k, then we make a change of variables so that it becomes constant. Specifically, 
for a suitable m € N, the polynomial 


def 


(Xi. Xa T E fX +T”, Xo+T™,....XgtT™ T) 


takes the form 
g(Xi,..., Xd, T) = oT +e1T" | ++-+e, 


with co € k™ (see the next lemma). As 


d 
EHX, ey Xd Xn Xn) =Q, (19) 
; mpe d . 
this shows that x, is integral over k[xy — x% ,..., Xq — x7" ]. The elements x;, i < d, are too, 
š š d 
because x; = (x; — x4) +x", and so A is finite over k[x1 =x} ,..., Xd X} .Xd41,---,Xn—11. 


LEMMA 8.3. Let f € k[X1,..., Xq, T]. For a suitable m € N, 
fX +T”, X2+T”°,..., Xa +T” ,T) 


takes the form coT” + c1 T"! +--+ cy with co € k™. 
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PROOF. Let PN 
Tiesos KnT =F Gg A (20) 


Let S be the set of (d + 1)-tuples (j1,..., jd, jn) such that c j... jp #0, and choose m so 
that m > max; ji for all (j1,..., jg) € S. Note that 


(HT a FTO a Tn 
= TM tm? jatetm! ja+ jn + terms of lower degree in T. 
When (j1,..., jn) runs over the elements of S, the exponents 
mji +m? ja+ +m? ja + jn (21) 
are distinct, because they are distinct base-m expansions of natural numbers. Now 


with co € k* and N equal to the largest value of (21). 


REMARK 8.4. When k is infinite, it is possible to prove a somewhat stronger result: let 
A = k[x1,..., Xn]; then there exist algebraically independent elements /{,..., fr that are 
linear combinations of the x; such that A is finite over k[f1,..., fr]. See my Algebraic 
Geometry notes. 


ASIDE 8.5. The map k[y1,..., yr] — A in (8.1) is flat if and only if A is Cohen-Macaulay (for 
example, regular). See (23.10). 

Let X be the variety obtained by removing the origin from C? and identifying the points (1, 1) 
and (—1,—1). Then G = Z/2 acts on by (x, y) > (—x,—y) and the quotient is smooth, but X is not 
Cohen-Macaulay (two planes intersecting in a point is not Cohen-Macaulay). Therefore the quotient 
map. See mo173538. 


9 Direct and inverse limits 


Direct limits 


DEFINITION 9.1. A partial ordering < on a set J is said to be directed, and the pair (J, <) 
is called a directed set, if for alli, j € I there exists a k € J such that i, j < k. 


DEFINITION 9.2. Let (J, <) be a directed set, and let A be a ring. 


A direct system of A-modules indexed by (J, <) My 

is a family (M;)je7 of A-modules together with a ak 

family (af: M;i — M;)j<j; of A-linear maps such ~j 

that a! = idm; and ay oo} =a} alli<j <k. Mi Fo 

An A-module M together with a family (œt: M; > 

M)ier of A-linear maps satisfying a’ = a/ oar! ‘ M 

all i < j is said to be a direct limit of the sys- 5 ! 

tem ((Mi), (œ})) if it has the following univer- ae 4 

sal property: for every other A-module N and Mi — «; > Mj æ 

family (6t: M; —> N) of A-linear maps such that DAS 

pi = Bp oat! alli < j, there exists a unique mor- v 
p’ N 


phism a: M —> N such that aoa! = f' for all 
i. 
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As usual, the universal property determines the direct limit (if it exists) uniquely up to a 
unique isomorphism. We denote it lim(M; ; a? ), or just lim Mi. 


CRITERION 


An A-module M together with A-linear maps œt: M; —> M such that a! = a/ oa}, for all 
i < j is the direct limit of a system (M, pa ) if and only if 

(a) M = |];ez œ' (Mi), and 

(b) if m; € M; maps to zero in M, then it maps to zero in M; for some j >i. 


CONSTRUCTION 


Consider the direct sum @; <z M; of the modules M;. Thus, the elements of @; <z Mi are 
the families (™m;);¢7 with m; = 0 for all but finitely many i. We can identify Mj, with the 
submodule of @;ez Mi of elements (m;); with m; = 0 fori ¥ ip. Then every element of 
Qj, Mi isa finite sum }°;-;m; with m; € Mi. Let M be the quotient of B; ez Mi by the 
A-submodule M’ generated by the elements 


mi — a`; (mi), mi € Mi, i<j. 


Let a! (m;) = m; + M’. Then certainly a! = a/ oat! for alli < j. For every A-module N 


and A-linear maps B/: M j 2 N, there is a unique map 


Qp mi = N, 


ie] 


namely, X m; + X p’ (m;i), sending m; to bÌ (m;i), and this map factors through M and is 
the unique A-linear map with the required properties. 
Direct limits of A-algebras, etc., are defined similarly. 


AN EXAMPLE 


PROPOSITION 9.3. For every multiplicative subset S of a ring A, S~!A ~ lim Aj, where 
h runs over the elements of S (partially ordered by division). 


PROOF. An element h of a ring that divides a unit is itself a unit (if u = hq, then 1 = 
h(qu7')). Therefore, if h|h’ in A, say, h’ = hq, then h becomes a unit in Ay, and so 
(see 5.1) there is a unique homomorphism A, — Ay, respecting the maps A — Ap and 
A > Aw, namely, 7 > ne In this way, the rings A} form a direct system indexed by the 
set S. When h € S, the homomorphism A —> S~!A extends uniquely to a homomorphism 
te G: Apo —! A, and these homomorphisms are compatible with the maps in the direct 
system (apply 5.1 again). The criterion p. 36 shows that ST! A is the direct limit of the Aj. 


EXACTNESS 


PROPOSITION 9.4. The direct limit of a system of exact sequences of modules is exact. 
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This means the following: suppose that (M;,0',), (Ni, Bi), and (Pi. yi) are direct 
systems with repect to the directed set J, and let 


jn (ai) jn (bi) ; 
(Mi æ) — (Ni, b3) — (Pi. y;) 
be a sequence of maps of direct systems; if the sequences 
aj bi 
Mi — Ni — Pi 


are exact for all 7, then the direct limit sequence 
lima; limb; 
lim M; => lim N; © lim P; 
—> — — 
is exact. 
PROOF. Let (ni) € lim Nj. If (bi (n;)) = 0, then there exists an ig such that b;(n;) = 0 for 


all i > io. Let m; = 0 unless i > ig, in which case we let m; be the unique element of M; 
such that a; (mi) = ni. Then (m;i) maps to (ni). This proves the exactness. 


Inverse limits 


Inverse limits are the same as direct limits except that the directions of the arrows is reversed. 
Thus, formally, the theory of inverse limits is the same as that of inverse limits. However, in 
concrete categories, they behave very differently. For example, the inverse limit of a system 
of exact sequences of modules need not be exact. 

We shall consider inverse limits only in the case that the indexing set if N with its usual 
ordering. In this case, an inverse system of A-modules is nothing more than a sequence of 
modules and A-homomorphisms 

Moe Miia i ee 
A homomorphism (Mn, œn) —> (Nn, Bn) of inverse systems is a sequence of A-homomorphisms 
Yn: Mn —> Nn Such that By © Yn+1 = Yn © Qn for all n € N. 

Given an inverse system (Mn, œn) of A-modules, we define lim Mn and lim! Mn to be 

the kernel and cokernel of the A-module homomorphism oF H 


(...,Mn,...) > (...,Mn —an(Mmn+1),---): | [Mn > | [m. 
PROPOSITION 9.5. For every inverse system (Mn, œn) and A-module N, 


Hom(lim Mn, N) > limHom(Mn, N). 


PROOF. This is easy to check directly. 


PROPOSITION 9.6. Every inverse system of exact sequences 
0 — (Mn,&n) > (Nn, Bn) > (Pn. Yn) > 9, 
gives rise to an exact sequence 


0 > lim Mn > lim Nn > lim P, > lim! M, > lim! N, > lim! P, > 0. 
<— <— <— <— <— <— 


10 TENSOR PRODUCTS 38 


PROOF. The sequence 


03] [m>] [m>] ][ P20 


is exact, and so this follows from the snake lemma. 


COROLLARY 9.7. If the maps dy: My+1 — My are all surjective, then lim! M, = 0. 


PROOF. Let (m;) € | [ ien Mi. We have show that there exists an infinite sequence (x; )jen, 
x; E€ Mi, such that 


Xj — Qi (Xi+1) = Mi (22) 
for alli € N. We consider finite sequences {x9,...,Xn}, x; E€ Mj, satisfying (22) fori <n. 
For example, {0} is such a sequence. Such a sequence {Xo,...,Xn} can always be extended: 


use the surjectivity of a,+1 to find an x74 1 E€ My+1 such that 
On (Xn+1) = Xyn—-My. 


Now the axiom of dependent choice shows that there exists a sequence (x;)nen, xi E Mi, 
satisfying (22) for all n. 


ASIDE 9.8. Direct (resp. inverse) limits are also called inductive (resp. projective) limits or colimits 
(resp. limits). 


10 Tensor Products 


Tensor products of modules 


Let A be a ring, and let M, N, and P be A-modules. A map ¢: M x N — P of A-modules 
is said to be A-bilinear if 


px +x, y) =p, y) +o’, y), x,x EM, yeNn 

py +y) =p, y) +o), xeM, y,y'EN 
(ax, y) = a(x, y), acA, xEeM, yeN 
p(x,ay) = ag(x,y), acA, xeEM, yeN, 


i.e., if @ is A-linear in each variable. 
An A-module T together with an A-bilinear map 


o:MxN >T MaN" T 
is called the tensor product of M and N over A if it has the N, | J! linear 
following universal property: every A-bilinear map v 


T”. 
p:M xN >T 
factors uniquely through @. 


As usual, the universal property determines the tensor product uniquely up to a unique 
isomorphism. We write it M @ 4 N. Note that 


Hom 4-pilinear(M xN, T) a Hom 4-tinear (M @A N, T). 
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CONSTRUCTION 


Let M and N be A-modules, and let A™™N) be the free A-module with basis M x N. Thus 
each element AM XN) can be expressed uniquely as a finite sum 


Yai (Xi, yi), ajeA, xEM, WEN. 
Let P be the submodule of AMN) generated by the following elements 


(xtx',y)-@,y)—-(.y), xx EM, yeN 

y +y- Ey-y), eM, yy EN 
(ax,y)—a(x,y), acA, xEM, EN 

y y FY 
(x,ay)—a(x,y), acA, xEM, EN, 

y y. y 


and define 
M 8&4 N = AM) |p. 


Write x ® y for the class of (x, y) in M @,4 N. Then 
(x,y) x@y:MxN>MO@AN 


is A-bilinear — we have imposed the fewest relations necessary to ensure this. Every element 
of M @4 N can be written as a finite sum!’ 


Yiai(xi@®yi), acA, EM, WEN, 
and all relations among these symbols are generated by the following relations 
(x+x)@y=x@yt+x'@y 


xO(yty)=x@y+x@y’ 
a(x @y) = (ax)@y =x Way. 


The pair (M @ 4 N, (x, y) +> x @ y) has the correct universal property because every bilinear 
map $¢':M x N - T’ defines an A-linear map AMN) —> T’, which factors through 
AN) 7K, and gives a commutative triangle. 


SYMMETRIC MONOIDAL STRUCTURE 


PROPOSITION 10.1. Let M, N, P be modules over a ring A. 
(a) (Existence of an identity object) There is a unique isomorphism 


41:A®@®M—>M 


such that A(a ®m) = am foralla € A,meM. 
(b) (Associativity) There is a unique isomorphism 


a:M @(N@P)>(M@N)@P 


such that a(m ® (nQ p)) =a((m @n)® p) forallme M,neN, peP. 


134 n element of the tensor product of two vector spaces is not necessarily a tensor product of two vectors, 
but sometimes a sum of such. This might be considered a mathematical shenanigan but if you start with the 
state vectors of two quantum systems it exactly corresponds to the notorious notion of entanglement which so 
displeased Einstein.” Georges Elencwajg on mathoverflow.net. 
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(c) (Symmetry) There is a unique isomorphism 
yi MEN->N@M 
such that y(m 8n) =n ®m forallme M,neN. 


PROOF. We prove (b). The uniqueness is obvious because the elements m ® (n ® p) generate 
M & (N ® P) as an A-module. The map 


(m,n, p)->me(n®p):MxNxP>M@(N@P) (23) 


is A-trilinear. Let 6B: M x N x P —> O be a second A-trilinear map. For a fixed m € M, 
the map (n, p) > (m,n, p): N x P — Q is A-bilinear, and so it extends uniquely to an 
A-linear map bm: N & P —> Q. Now the map (m,n ® p) Bm(n® p):M x(N@P)>O 
is A-bilinear, and so it extends uniquely to an A-linear map M ® (N @ P) > Q. This shows 
that (23) is universal among A-trilinear maps from M x N x P to an A-module. Similarly, 
the A-trilinear map 


(m,n, p)'> (M@n)®p:MxNxP>(M@N)@P 


is universal, from which the statement follows (see the footnote p.19). 
The proofs of (a) and (c) are similar, but easier. 


EXTENSION OF SCALARS 


Let A be a commutative ring and let B be an A-algebra (not necessarily commutative) such 
that the image of A — B lies in the centre of B. Then M ~> B &4 M is a functor from 
left A-modules to left B-modules. Let M be an A-module and N a B-module; an A-linear 
map a: M — N defines a B-linear map $: B® 4 M — N such that b & m > b-a(m), and 
a <> 6 is an isomorphism: 


Hom 4-iinear (M, N) = Hom p-jinear(B @A M, N). (24) 


If (€a)wez is a family of generators (resp. basis) for M as an A-module, then (1 Q e«)æez is 


a family of generators (resp. basis) for B & 4 M as a B-module. 


The functor M ~> Mg = B &4 M commutes with taking tensor products: 


(M @4N)p~ Mp Ope. (25) 
To see this, note that 


Mp &B Ng =(B8&4M)8&rB(BQAN) (definition) 
~((B&4M)&rB B)&AN (associativity) 
~(B@4M)@,4N_ (obvious) 
~B@,4(M@A4N) (associativity) 
=(M &4N)g (definition). 
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BEHAVIOUR WITH RESPECT TO DIRECT LIMITS 


PROPOSITION 10.2. Direct limits commute with tensor products: 


lim M; ® 4 lim Nj ~ lim Mi 84 Nj. 
ie] Jet (i, j)EIxJ 


PROOF. Using the universal properties of direct limits and tensor products, one sees easily 
that lim(M; Q&A Nj) has the universal property to be the tensor product of lim M; and 
lim N je m 


Tensor products of algebras 


Let k be a ring, and let A and B be k-algebras. A k-algebra C together with homomorphisms 
i: A > C and j:B — C is called the tensor product of A and B if it has the following 
universal property: 
for every pair of homomorphisms (of k-algebras) A a C < 4 B 

g 


f:A— R and g: B — R, there exists a unique J! (fg) 
homomorphism (f, g):C —> R such that (f, g)o f ere 
i=aand(f,g)o/j = 68, R 


If it exists, the tensor product, is uniquely determined up to a unique isomorphism by this 
property. We write it A @; B. Note that the universal property says that 


Hom(A @; B, R) ~ Hom(A, R) x Hom(B, R) (26) 


(k-algebra homomorphisms). 


CONSTRUCTION 


Regard A and B as k-modules, and form the tensor product A ®, B. There is a multiplication 
map ÁA k Bx A®, B > A Qk B for which 


(a@b)(a’' @b’)=aa' @bb’, alla,a'€ A, bb’ cB. 
This makes A ®,; B into a ring, and the homomorphism 
chec1@l)=c@l=1@c 
makes it into a k-algebra. The maps 
aPa@lA>A@, B andb => 18&b:B > AQ, B 


are homomorphisms, and they make A @, B into the tensor product of A and B in the above 
sense. 


EXAMPLE 10.3. The algebra A, together with the maps 


TEE (Sie 


is k @, A (because it has the correct universal property). In terms of the constructive 
definition of tensor products, the map c @a+> ca:k k A — A is an isomorphism. 
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EXAMPLE 10.4. The ring k[X1,...,Xm,Xm+1,---,Xm-+4n]|, together with the obvious in- 
clusions 


is the tensor product of the k-algebras k[X1,..., Xm] and k[Xm+1,...,Xm+n]. To verify 
this we only have to check that, for every k-algebra R, the map 


Hom(k[X1,...,Xm+n], R) > Hom(k[X1,...], R) x Hom(k[Xn41,.-.], R) 
induced by the inclusions is a bijection. But this map can be identified with the bijection 
ROP R” x R”. 
In terms of the constructive definition of tensor products, the map 
k[X1,...,Xm] 8z k[Xm41,-+-;Xmin] > k[X1,..., Xm+n] 
sending f ®g to fg is an isomorphism. 
REMARK 10.5. (a) Let k — k’ be a homomorphism of rings. Then 
k' Qk k[X1,..., Xn] > K'[1 8 X1,...,1 8 Xn] > k'[X1,..., Xn]. 

If A = k[X1,..., Xn]/(€1,---, 8m), then 

k' 8g A S k'[X1,..., Xn]/(81,---, 8m). 


(b) If A and B are algebras of k-valued functions on sets S' and T respectively, then the 
definition 


(f Sax, y)= fg), fea geB,xeS,yeT, 


realizes A ®, B as an algebra of k-valued functions on S x T. 


The tensor algebra of a module 


Let M be a module over a ring A. For each A > 0, set 
TTM =M 84 QAM (r factors), 
so that T? M = A and T!M = M, and define 


TM = P. TM. 


This can be made into a noncommutative A-algebra, called the tensor algebra of M, by 
requiring that the multiplication map 


T’'MxT®SM ST'*SM 


send (mı @--@ Mr, Mr+1 8 Q Mr+s) to M1 Q: Q Mrs. 
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The pair (TM, M — TM) has the following universal prop- 


erty: every A-linear map from M to an A-algebra R (not neces- ME EM 
sarily commutative) extends uniquely to an A-algebra homomor- >N J! A-algebra 
phism TM — R. 9 

If M is a free A-module with basis x1,..., Xn, then TM is R 


the (noncommutative) polynomial ring over A in the noncommut- 
ing symbols x; (because this A-algebra has the same universal 
property as TM). 


The symmetric algebra of a module 


The symmetric algebra Sym(M) of an A-module M is the quotient of TM by the ideal 
generated by all elements of T? M of the form 


men-—nem, mnewM. 


It is a graded algebra Sym(M) = €&, 9 Sym’ (M) with Sym” (M) equal to the quotient of 
MÌ" by the A-submodule generated by all elements of the form 


m 8: QM —-Mo(1)8 =: QMor) Mi EM, o € Br (symmetric group). 


The pair (Sym(M), M —> Sym(M)) has the following 

universal property: every A-linear map M — R from M 

to a commutative A-algebra R extends uniquely to an i 

A-algebra homomorphism Sym(M ) — R (because it ex- 

tends to an A-algebra homomorphism TM — R, which i 

factors through Sym(M ) because R is commutative). R 
If M is a free A-module with basis x1,..., Xn, then 

Sym(M) is the polynomial ring over A in the (commut- 

ing) symbols x; (because this A-algebra has the same universal property as 7M). 


M —> Sym(M) 


A-linear A! A-algebra 


Exercises 


EXERCISE 10.6. Look up “symmetric monoidal category” in the Wikipedia and show that 
the category of A-modules equipped with the bifunctor ® and the maps A, œ, and y in (10.1) 
is such a category. 


11 Flatness 


PROPOSITION 11.1. Let M be an A-module and 0 > N’ => N ae N” — 0 an exact 
sequence of A-modules. Then the sequence 


18 
Moan S MoaN Mean’ SO 


is exact. 
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PROOF. The surjectivity of 1 ® £ is obvious. Let M &4 N L Q be the cokernel of 1 8 a. 
Because 
(1@B)o(1@a) =1@ (Boa) =0, 


there is a unique A-linear map f:Q — M &4 N” such that fog =1@f. We shall 
construct an inverse g to f. 

Let m € M andn € N. If B(n) = 0, then n = a(n’) for some n’ € N’; hence m @n = 
m &a(n’), and so ¢(m @n) = 0. It follows by linearity that 6(m @n1) = ¢(m @n2) if 
B(n1) = B(n2), and so the A-bilinear map 


MxN>QO, (m,n) d(m®@n) 


factors through M x N”. It therefore defines an A-linear map g:M @4 N” —> Q. To 
show that f and g are inverse, it suffices to check that go f = idg on elements of the 
form ġ(m @n) and that f o g = idmg 4n” on elements of the form m Q f(n) — both are 
obvious. 


The map M @4 N’ > M 84N in (11.1) need not be injective. For example, when we 
tensor the exact sequence of Z-modules 


mM „ 7 7 
0> ZZ Z/mZ- 0 


with Z/mZ, only the sequence 


=0 
Z/mZ > Z/mZ ——> Z/mZ > 0 


is exact. 
Moreover, M @,4 N may be zero even when neither M nor N is nonzero. For example, 


Z/2Z ®zZ/3Z =0 


because it is killed by both 2 and 3.!4 In fact, M &4 M may be zero without M being zero. 
For example, 


Q/Z Sz Q/Z= 0. 


To see this, let x, y € Q/Z; then nx = 0 for some n € Z, and y = ny’ for some y’ € Q/Z, 
and so 
x@y=x@ny’ =nx®y’ =0@y’=0. 


DEFINITION 11.2. An A-module M is flat if 
N’ +N injective => M @4N'—> M &4N injective. 
It is faithfully flat if, in addition, 
M 84 N =0 = N=0. 


A homomorphism of rings A —> B (or A-algebra B) is said to be flat (resp. faithfully flat) if 
B is flat (resp. faithfully flat) as an A-module. 


14t was once customary in certain circles to require a ring to have an identity element 1 Æ 0 (see, for example, 
Northcott 1953, p.3). However, without the zero ring, tensor products don’t always exist. Bourbaki’s first 
example of a ring is the zero ring. 
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Thus, an A-module M is flat if and only if the functor M @, — takes short exact 
sequences to short exact sequences, i.e., 


0> N' >N > N" >l exact => 05> M@4N'’ > M@4N >M @4N" => Oexact. 


In other words, M is flat if and only if the functor M @ 4 — is exact. 


EXAMPLE 11.3. The functor M & 4 — takes direct sums to direct sums, and direct sums of 
exact sequences are exact; in particular, direct sums of injective maps are injective. Therefore 
direct sums of flat modules are flat, and direct summands of flat modules are flat. All free 
A-modules are flat. Therefore all vector spaces over a field are flat, and nonzero vector 
spaces are faithfully flat. 


EXAMPLE 11.4. Quotient maps A —> A/a are rarely flat. If A is a product, A = A, x A2, 
then the projection map A — Ay, is obviously flat. When A is noetherian, all flat quotient 
maps are of this form (Exercise 23.12). 


EXAMPLE 11.5. Let A = k[X]. Then M = k[X,X7!] is a flat A-module, but M = 
k[X]/(X) is not flat. 


EXAMPLE 11.6. Since tensor products commute with direct limits, and direct limits are 
of exact sequences are exact, direct limits of flat A-modules are flat. In fact, every flat 
A-module is a direct limit of free A-modules of finite rank (Lazard, Bull. SMF 97, 81-128, 
1969). 


PROPOSITION 11.7. Let P bea faithfully flat A-module. A sequence of A-modules 


(N): NNN" (27) 
is exact if and only if 
18 
P4(N): Poa N 2S Poan É P@,AN” (28) 


is exact. 
PROOF. Consider the exact sequence 
N’! 5 Ker(B) — C — 0. 
As P is flat, the sequence 
P 84 N' S Ker(18 £) — P 94C —0 


is exact. Now 


(NV) isexact => C=0 =} P 84C =0 4> P &8a(N)is exact. 
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REMARK 11.8. There is a converse to the proposition: suppose that 
(N) is exact << > P @,4(N) is exact; 


then P is a faithfully flat A-module. The implication “=” shows that P is flat. Now let N 
be an A-module, and consider the sequence 


0O-N—O. 


If P ®4 N =0, then this sequence becomes exact when tensored with P, and so is itself 
exact, which implies that N = 0. Thus P is faithfully flat. 


COROLLARY 11.9. Let A > B be faithfully flat. An A-module M is flat (resp. faithfully 
flat) if M 4 B is flat (resp. faithfully flat) as a B-module. 


PROOF. We test with the sequence (N) : N’ > N > N”. If M84 B is flat, then 
(NV) is exact = > B@y,(N) is exact = ((V) @4 B)8&pg (M 8&4 B) is exact. 


But this last is isomorphic to ((V) ® 4 M) ®4 B, which is exact if and only if (V) ®4 M 
is exact. Thus M is flat. If B® 4 M is faithfully flat, then the argument shows that (N ) is 
exact if and only if (N) 8&4 M is exact, and so M is faithfully flat. 


COROLLARY 11.10. Let A > B be faithfully flat, and let M be an A-module. Then M is 
finitely generated if B ® 4 M is finitely generated. 


PROOF. Let 1 8 m1,..., 1 & mr generate B &4 M, and let N be the submodule of M 
generated by the m;. The sequence N — M —> N/M —> 0 remains exact when tensored 
with B. Now B® N/M =0, and so N/M =0. 


PROPOSITION 11.11. Let i: A — B be a faithfully flat homomorphism. For every A- 
module M , the sequence 


d d 
0— M — B&M —BQ4BQ&AM (29) 
with 
do(m) = 18m, 
dq(b®m) = 1@b@m—-be1em 
is exact. 


PROOF. Assume first that there exists an A-linear section to A > B, i.e., an A-linear map 
f:B — A such that f oi = idy, and define 


ko: B 8&4 M > M, ko(b @m) = f(b)m 
k:B&4BQ&4M —BQ4M, kı(b8&b' @m) = f(b)b' @m. 


Then kodo = idm, which shows that do is injective. Moreover, 
k,10d,+do90ko = idge,m 


which shows that, if dı (x) = 0, then x = do(ko(x)), as required. 
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We now consider the general case. Because A — B is faithfully flat, it suffices to prove 
that the sequence (29) becomes exact after tensoring in B. But the sequence obtained from 
(29) by tensoring with B is isomorphic to the sequence (29) for the homomorphism of rings 
bt>+1@b:B — B@,B and the B-module B @ 4 M, because, for example, 


B@A(B@4M) ~(B@y4 B)@B(BO4M). 


Now B —> B &4 B has an B-linear section, namely, f(b @ b’) = bb’, and so we can apply 
the first part. 


COROLLARY 11.12. If A > B is faithfully flat, then it is injective with image the set of 
elements on which the maps 


b |> 1@b 


b to bol B7 B848 


agree. 


PROOF. This is the special case M = A of the Proposition. 


PROPOSITION 11.13. Let A —> A’ be a homomorphism of rings. If A —> B is flat (or 
faithfully flat), then so also is A’ > B 84 A’. 


PROOF. For every A’-module M, 


(B@4A')@4 M ~ B@A(A' Oa M) = BRAM, 


from which the statement follows. 


PROPOSITION 11.14. For every multiplicative subset S of a ring A and A-module M, 
STADA M ~ STHM. 
The homomorphism a +> $: A > STIA is flat. 


PROOF. To give an S~! A-module is the same as giving an A-module on which the elements 
of S act invertibly. Therefore S~!A &4 M and S~!M satisfy the same universal property 
(see §10, especially (24)), which proves the first statement. As M ~> S~!M is exact (5.11), 
so also is M ~> STIA @, M, which proves the second statement. 


COROLLARY 11.15. If M is a flat (resp. faithfully flat) A-module, then S~!M is a flat 
(resp. faithfully flat) S~! A-module. 


PROOF. If N’ > N + N” is an exact sequence of S~! A-modules, then it is exact as a 
sequence of A-modules, and so 


S14@4M@4N'’ >S'1AQ4AM@4AN >S'!'AQBAM AN" 
is exact. But 


STA@4MBsAN~S'M@BAN~S'M 85-14 N, 


and so S~!M is flat. The proof for faithful flatness is similar. 
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COROLLARY 11.16. An A-module M is flat (resp. faithfully flat) if and only if the Am- 
module Mw is flat (resp. faithfully flat) for all maximal ideals m in A. 


PROOF. The necessity follows from (11.15). The sufficiency is an immediate consequence 
of (5.15, 5.16). 


PROPOSITION 11.17. A homomorphism of rings y: A —> B is flat if Ag—-1(q) > By is flat 
for all maximal ideals n in B. 


PROOF. Let N’ — N be an injective homomorphism of A-modules, and let n be a maximal 
ideal of B. Then p = g7! (n) is a prime ideal in A, and Ay ® 4 (N’ —> N) is injective (11.14). 
Therefore, the map 


By 84 (N' > N) > Ba 84, (Ap @4 (N’ > N)) 


is injective, and so the kernel M of B @,4(N’ — N) has the property that M, = 0. Let 
x € M, and let a = {b € B | bx = 0}. For each maximal ideal n of B, x maps to zero in Mp, 
and so a contains an element not in n. Hence a = B, and so x = 0. 


PROPOSITION 11.18. The following conditions on a flat homomorphism gy: A —> B are 
equivalent: 

(a) ọ is faithfully flat; 

(b) for every maximal ideal m of A, the ideal p(m)B 4 B; 

(c) every maximal ideal m of A is of the form g7! (n) for some maximal ideal n of B. 


PROOF. (a) => (b): Let m be a maximal ideal of A, and let M = A/m; then 
B&4M ~ B/g(m)B. 


As B@4M £0, we see that p(m)B £ B. 

(b) > (c): If g(m)B Æ B, then g(m) is contained in a maximal ideal n of B. Now 
g7! (n) is a proper ideal in A containing m, and hence equals m. 

(c) = (a): Let M be anonzero A-module. Let x be a nonzero element of M, and let 
a = ann(x) = {a € A | ax = 0}. Then ais an ideal in A, and M’ = Axx A/a. Moreover, 
B &4 M' ~ B/ọ(a)- B and, because A > B is flat, B & 4 M’ is a submodule of B &4 M. 
Because a is proper, it is contained in a maximal ideal m of A, and therefore 


g(a) Cg(m) Cn 
for some maximal ideal n of A. Hence y(a)-B C n Æ B,andsoB@4M>D>B@4M' FO. 


Let spm(A) denote the set of maximal ideals in A (see Chapter 15). In more geometric 
terms, the proposition says that a flat homomorphism ø: A — B is faithfully flat if and only 
if the image of the map spec(g): spec (B) — spec (A) contains spm(A). In fact, as we now 
prove, if ¢ is flat, then spec(B) — spec (A) is surjective. 


PROPOSITION 11.19. Letg: A — B be a faithfully flat homomorphism. Every prime ideal 
p of A is of the form g~!(q) for some prime ideal q of B. 


PROOF. The prime ideals of B lying over p are in natural one-to-one correspondence with 
the prime ideals of B ®@ 4 x (p) (5.22). But the ring B ® 4 «(p) is nonzero because A — B is 
faithfully flat, and so it has a prime (even maximal) ideal. 
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PROPOSITION 11.20. Let A > B be a flat homomorphism. Let p’ C p be prime ideals in 
A, and let q be a prime ideal in B such that q° = p. Then there exists a prime ideal q’ C q in 
B such that q’° = p’. 


PROOF. Because A — B is flat, the homomorphism Ay — Bq is flat, and because pAy = 
(qB,)°, it is faithfully flat (11.18). The ideal p’ A, is prime (5.4), and so there exists a prime 
ideal of B, lying over p’ Ay (by 11.19). The contraction of this ideal to B is contained in q 
and contracts to p’ in A. 


The proposition says that the going-down theorem (7.11), hence also its corollary (7.12), 
holds for flat homomorphisms. The going-up theorem fails for flat homomorphisms (7.8). 


THEOREM 11.21 (GENERIC FLATNESS). Let A a noetherian integral domain, and let B 
be a finitely generated A-algebra. Then for some nonzero elements a of A and b of B, the 
homomorphism Ag — By is faithfully flat. 


PROOF. Let F be the field of fractions of A. We first assume that B C F 84 B. 

As F &4 B isa finitely generated F-algebra, the Noether normalization theorem (8.1) 
shows that there exist elements x1,...,Xm of F @,4 B such that F[x1,..., Xm] is a poly- 
nomial ring over F and F &4 B is a finite F[x1,..., Xm]-algebra. After multiplying each 
x; by an element of A, we may suppose that it lies in B. Let by,...,b, generate B as an 
A-algebra. Each b; satisfies a monic polynomial equation with coefficients in F[x1,...,Xm]- 
Let a € A be acommon denominator for the coefficients of these polynomials. Then each b; 
is integral over Ag. As the b; generate Ba as an Ag-algebra, this shows that Ba is a finite 
Ag[X1,...,Xm]-algebra (by 6.2). Therefore, after replacing A with Ag and B with Bg, we 
may suppose that B is a finite A[x1,..., x ]-algebra. 


injective 


———> F®aB —— E®an...., 


finite fime Sinite 


def 


A[xi,... xm] —— F[x1,...,X%m] —> E = F(x1,..., Xn) 


T 


> F. 


— W 


a —> 


Let E = F(x1,..., Xm) be the field of fractions of A[x1,..., Xm], and let b1,..., b, be 
elements of B that form a basis for E 8 gfx,,...,x,,] B as an E-vector space. Each element 
of B can be expressed as a linear combination of the b; with coefficients in E. Let q be 
a common denominator for the coefficients arising from a set of generators for B as an 
A[x1,...,%m]-module. Then b;,...,b, generate Bg as an A[x1,...,Xm]q-module. In other 
words, the map 

(c1,...,€r) > } cibi: A[x1,..-,Xm]g > Ba (30) 


is surjective. This map becomes an isomorphism when tensored with E over A[x1,...,Xmlq; 
which implies that each element of its kernel is killed by a nonzero element of A[x1,...,Xml]q 
and so is zero (because A[x1,...,Xn]g is an integral domain). Hence the map (30) is an 
isomorphism, and so Bg is free of finite rank over A[x1,...,Xm]g. Let a be some nonzero 
coefficient of the polynomial g, and consider the maps 


Ag — Ag|x1,..-,Xm] > Aa[*1,..-,Xm]lq > Baq- 
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The first and third arrows realize their targets as nonzero free modules over their sources, 
and so are faithfully flat. The middle arrow is flat by (11.14). Let m be a maximal ideal in 
Aa. Then mAg[x1,...,Xm] does not contain the polynomial q because the coefficient a of q 
is invertible in Ag. Hence mAg[x1,...,Xm]q is a proper ideal of Ag[x1,...,Xm]q, and so the 
map Ag > Ag[X1,...,Xm]q is faithfully flat (apply 11.18). This completes the proof when 
BCF@,4B. 

We now prove the general case. Note that F @ 4 B is the ring of fractions of B with 
respect to the multiplicative subset A ~ {0} (see 11.14), and so the kernel of B > F @, B is 
the ideal 

n = {b € B | ab = 0 for some nonzero a € A}. 


This is finitely generated (Hilbert basis theorem 3.7), and so there exists a nonzero c € A 
such that cb = 0 for all b € n. I claim that the homomorphism Be —> F ®4, Be is injective. 
If 2 lies in its kernel, then ab = 0 in Be for some nonzero & € Ac, and so cNab=0 
in B for some N; therefore b € n, and so cb = 0, which implies that 2 = 0 already in Be. 
Therefore, after replacing A, B, and M with Ae, Be, and Me, we may suppose that the map 
B — F 8&4 B is injective. On identifying B with its image, we arrive at the situation of the 
theorem. 


Exercises 


EXERCISE 11.22. Let fi,..., fm be elements of a ring A. Show that the canonical homo- 
morphism A —> |]; A, is faithfully flat if and only if (/1,..., fm) = A. Let fi,..., Jm 
satisfy this condition, and let M be an A-module. Deduce from (11.11) that the sequence 


1<i<m 1<i,j<m 


is exact (the first map sends m to (n;) with n; equal to the image of m in M ¢,, and the 
second map sends (m;) to (nij) with 


nij = (image of m; in Mff) (image of m j in Ms f;))- 


EXERCISE 11.23. Let (Aiai) be a direct system of rings, and let (Mi, P$) be a direct 
system of abelian groups with the same indexing set. Suppose that each M; has the structure 
of an A;-module, and that the diagrams 


commute for alli < j. Let A= lim A; and M = lim M;. 
(a) Show that M has a unique structure of an A-module for which the diagrams 


Aj x Mi — Mi 


laix Jø 


AxM —— M 


commute for all i. 
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(b) Show that M is flat as an A-module if each M; is flat as an A;-module. 
(Bourbaki AC, I, §2, Prop. 9.) 


EXERCISE 11.24. Let A be an integrally closed integral domain, and let G be a finite group 
acting on A by ring homomorphisms. Show that AC = 


integrally closed integral domain. 


{a € A | ga = a forall g € G} is an 


12 Finitely generated projective modules 


In many situations, the correct generalization of “‘finite-dimensional vector space” is not 
“finitely generated module” but “finitely generated projective module”. From a different per- 
spective, finitely generated projective modules are the algebraist’s analogue of the differential 
geometer’s vector bundles (see 12.12). 


Projective modules 


DEFINITION 12.1. An A-module P is projective if, for each surjective A-linear map 
f:M — N and A-linear map g: P — N, there exists an A-linear map h: P > M (not 
necessarily unique) such that f oh = g: 


In other words, P is projective if every map from P onto a quotient of a module M lifts to a 
map to M. Equivalently, P is projective if the functor 


M ~ Hom(P, M) (A-linear maps) 


is exact. 
As 
Hom(; Pi, M) = P; Hom(P;, M) 


we see that a direct sum of A-modules is projective if and only if each summand is projective. 
As A itself is projective, this shows that free A-modules are projective and every direct 
summand of a free module is projective. Conversely, let P be a projective module, and write 
it as a quotient of a free module, 


FPO; 
because P is projective, there exists an A-linear map h: P —> F such that f oh = id p; then 
F ~Im(h) @ Ker( f) ~ P @ Ker(S), 


and so P is a direct summand of F. We conclude: the projective A-modules are exactly the 
direct summands of free A-modules. 
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Finitely presented modules 


DEFINITION 12.2. An A-module M is finitely presented if there exists an exact sequence 
A” — A” + M —> 0, some m,n E€ N. 


A finite family (e;);ez of generators for an A-module M defines a homomorphism 
(aj) J jegr4iei: A! —> M. The elements of the kernel of this homomorphism are called 
the relations between the generators. Thus, M is finitely presented if it admits a finite family 
of generators whose module of relations is finitely generated. Obviously 


finitely presented > finitely generated, 


and the converse is true when A is noetherian (by 3.4). 


PROPOSITION 12.3. If M is finitely presented, then the kernel of every surjective homo- 
morphism A” —> M,m€N, is finitely generated. 


In other words, if M is finitely presented, then the module of relations for every finite 
generating set is finitely generated. 


PROOF. Let A” —> M be a surjective homomorphism with finitely generated kernel N. We 
have to show that the kernel N” of every other surjective homomorphism A” —> M is finitely 
generated. Consider the diagram: 


The map g exists because A” is projective, and it induces the map f. From the diagram, we 
get an exact sequence 
NLN A™/gA" 0, 


either from the snake lemma or by a direct diagram chase. The image of N in N’ is finitely 
generated, and so N’ is an extension of finitely generated modules. Therefore it is finitely 
generated (3.3(b)). 


COROLLARY 12.4. Let A —> B be faithfully flat, and let M be an A-module. Then M is 
finitely presented if B ® 4 M is finitely presented. 


PROOF. From Corollary 11.10 we know that M is finite generated, and so there is a surjective 
map a: A” —> M for some r € N. The kernel of « is finitely generated because it becomes 
finitely generated when tensored with M. Hence M is finitely presented. 


PROPOSITION 12.5. A finitely generated projective module is finitely presented. 


PROOF. Let M be finitely generated and projective. There exists a surjective homomorphism 
A” — M (because M is finitely generated), whose kernel N is a direct summand of A” 
(because M is projective). As N is a quotient of A”, it is finitely generated. 
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Finitely generated projective modules 


According to the above discussion, the finitely generated projective modules are exactly the 
direct summands of free A-modules of finite rank. 


THEOREM 12.6. The following conditions on an A-module are equivalent: 
(a) M is finitely generated and projective; 
(b) M is finitely presented and My is a free Am-module for all maximal ideals m of A; 
(c) there exists a finite family (f;)icz of elements of A generating the unit ideal A and 
such that, for alli € I, the A ,-module M f, is free of finite rank; 
(d) M is finitely presented and flat. 
Moreover, when A is an integral domain and M is finitely presented, they are equivalent to: 
(e) dimg(p)(M 84 k(p)) is the same for all prime ideals p of A (here k (p) denotes the 
field of fractions of A/p). 


PROOF. (a)=>(d). Free modules are flat, and direct summands of flat modules are flat (11.3). 
Therefore, projective modules are flat, and we know (12.5) that finitely generated projective 
modules are finitely presented. 

(b)=(c). Let m be a maximal ideal of A, and let x1, ..., x, be elements of M 
whose images in Mm form a basis for Mm over Am. The kernel N’ and cokernel N of the 
homomorphism 


a: A" >M, g(a, ..., Gr) =) diki, 


are both finitely generated, and Ni, = 0 = Nm. Therefore, there exists an f € A~ m such 
that N f = 0 = N¢ (5.13). Now @ becomes an isomorphism when tensored with A f. 

The set T of elements f arising in this way is contained in no maximal ideal, and so 
generates the ideal A. Therefore, 1 = J` ;eņz 4i fi for certain a; € A and fj ET. 

(c)>(d). Let B = J [jez Af,- Then B is faithfully flat over A (Exercise 11.22), and 
B 8&4 M =[|Mg, which is clearly a flat B-module. It follows that M is a flat A-module 
(apply 11.9). 

(c)= (e). This is obvious. 

(e)=(c). Fix a prime ideal p of A. For some f ¢ p, there exist elements x1, ..., x; of 
M f whose images in M @ 4 k(p) form a basis. Then the map 


a: A's > My, OG, ..., ar) = J aixi, 


defines a surjection Ay — M, (Nakayama’s lemma; note that «x (p) ~ Ap/pAp). The cokernel 
N of a is finitely generated, and so gN = 0 for some g € Ax p. The map a becomes 
surjective once f has been replaced fg. For every prime ideal q of A , the map k(q)” > 
M & 4 k(q) defined by « is surjective, and hence is an isomorphism because dim(M @ 4 
k(q)) =r. Thus Ker(a) C qA’, for every q, which implies that it is zero as A ¢ is reduced. 
Therefore M ș is free. As in the proof of (b), a finite set of such elements f will generate 
A. 


To prove the remaining implications, (d)=(a) and (b) we shall need the following 
lemma. 


LEMMA 12.7. Let 
OoO-N->-FSM-0 (31) 


be an exact sequence of A-modules with N a submodule of F. 
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(a) If M and F are flat over A, then N NaF = aN (inside F ) for all ideals a of A. 

(b) Assume that F is free with basis (y;)jez and that M is flat. If the element n = 
Ye, 4i Vi Of F lies in N, then there existn; € N such thatn = } ;eg aini. 

(c) Assume that M is flat and F is free. For every finite set {n,, ..., ny} of elements of 
N, there exists an A-linear map f: F —> N with f(nj)=nj;, j =1,...,1r. 


PROOF. (a) Consider 
a@®N ——+> a®F — > a@M 


bo p 


0 — > NnaF > aF > aM 


The first row is obtained from (31) by tensoring with a, and the second row is a subsequence 
of (31). Both rows are exact. On tensoring a > A with F we get a map a& F —> F, which is 
injective because F is flat. Therefore a& F — aF is an isomorphism. Similarly, a & M —> 
aM is an isomorphism. From the diagram we get a surjective map a@ N > N NaF, and 
so the image of a& N in aF is N NaF. But this image is aN. 

(b) Let a be the ideal generated by the a;. Then n € N NaF = aN, and so there are 
ni € N such that n = Jaini. 

(c) We use induction on r. Assume first that r = 1, and write 


ni = Viet) Ui 
where (yi)jez is a basis for F and Tọ is a finite subset of 7. Then 
nı = Viet UN; 
for some n; € N (by (b)), and f may be taken to be the map such that f(y;) = n; fori € Io 


and f(y;) = 0 otherwise. Now suppose that r > 1, and that there are maps fi, fo: F > N 
such that fı (nı) = nı and 


fa(ni-— fini) =ni- filmi), i=2, ... r. 


Then 
JfJ:E >N, fsfith-hefi 


has the required property. 


We now complete the proof of the theorem. 
(d)= (a). Because M is finitely presented, there is an exact sequence 


0—>N—>F>M>0 


in which F is free and N and F are both finitely generated. Because M is flat, (c) of the 
lemma shows that this sequence splits, and so M is projective. 

(d)=(b). We may suppose that A itself is local, with maximal ideal m. Let x1, ..., Xy € 
M be such that their images in M/mM form a basis for this over the field A/m. Then the 
x; generate M (by Nakayama’s lemma 3.9), and so there exists an exact 


0>N>F&M->0 


in which F is free with basis {y1, ..., yr} and g (yi) = x;. According to (a) of the lemma, 
mN = N N (mF), which equals N because N C mF . Therefore N is zero by Nakayama’s 
lemma 3.9. 
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DEFINITION 12.8. A ring is semilocal if it has only finitely many maximal ideals. 
Let A be a semilocal ring with maximal ideals m,,...,m,. Then 
A/m Mny ~ A/m x- x A/my, 


by the Chinese remainder theorem 2.13. This says that the quotient of A by its Jacobson 
radical is a finite product of fields. 


PROPOSITION 12.9. A locally free module M of finite constant rank over a semilocal ring 
A is free 


PROOF. The statement is obvious when A is a finite product of fields, and the general case 
then follows from the next lemma. 


LEMMA 12.10. Let A be a ring and a an ideal of A contained in all maximal ideals. A 
finitely presented flat A-module M is free if M/aM is a free A/a-module. 


PROOF. Let e1,...,e- be elements of M whose images @},...,@, in M/aM form a basis. 

The map (aj) > ))aje;: A” > M is surjective by Nakayama’s lemma (3.9), and it remains 

to show that its kernel N is 0. For this, it suffices to show that aN = N (by 3.9 again). 
Consider the commutative diagram 


a@®N —> a® A’ — +> agM — 0 


|e lo |e ax} ax. 


0 > N > A" > M + 0 


The rows are exact (see 11.1 for the top row), and the map c is injective because M is flat. 
Therefore the sequence of cokernels 


0 — Coker(a) —> Coker(b) — Coker(c) > 0 


is exact by the snake lemma. But Coker(a) = N/aN and the map Coker(b) —> Coker(c) is 
the isomorphism 


(ai) >) aj@;:(A/a)" > M/aM, 


and so N = aN as required. 


EXAMPLE 12.11. (a) When regarded as a Z-module, Q is flat but not projective (it is not 
finitely generated, much less finitely presented, and so this doesn’t contradict the theorem). 

(b) Let R be a product of copies of F2 indexed by N, and let a be the ideal in R consisting 
of the elements (dy )nen such that an is nonzero for only finitely many values of n (so ais a 
direct sum of copies of Fz indexed by N). The R-module R /a is finitely generated and flat, 
but not projective (it is not finitely presented). 


ASIDE 12.12. The equivalence of (a) and (c) in the theorem has the following geometric interpre- 
tation: for an affine scheme X, the functor M ~> M(X) is an equivalence from the category of 
locally free O y-modules of finite rank to the category of finitely generated O y (X )-modules. (See 
Section 50 of J.-P. Serre, Ann. of Math. (2) 61 (1955), 197-278. This is also where Serre asked 
whether a finitely generated projective k[X1,..., X,]-module is necessarily free. That it is was proved 
(independently) by Quillen and Suslin. For a beautiful exposition of Quillen’s proof, see A. Suslin, 
Quillen’s solution of Serre’s problem. J. K-Theory 11 (2013), 549-552.) 
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ASIDE 12.13. Nonfree projective finitely generated modules are common: for example, the ideals 
in a Dedekind domain are projective and finitely generated, but they are free only if principal. The 
situation with modules that are not finitely generated is quite different: if A is a noetherian ring with 
no nontrivial idempotents, then every nonfinitely generated projective A-module is free (Bass, Hyman. 
Big projective modules are free. Illinois J. Math. 7 1963, 24-31, Corollary 4.5). The condition on the 
idempotents is needed because, for a ring A x B, the module A x BY) is not free when the sets 7 
and J have different cardinalities. 


Duals 
The dual Hom 4 jinear(M, A) of an A-module M is denoted MY. 


PROPOSITION 12.14. For all A-modules M, S, T with M finitely generated and projective, 
the canonical maps 


Hom 4.linear(S, T ®4 M) > Hom 4.jinear(S @4 MYT) (32) 
T @4M —> Hom4-inear( MĂ“, T) (33) 

MY @TY > (M@T)Y (34) 

M —> MYY (35) 


are isomorphisms. 


PROOF. The canonical map (32) sends f:S + T &4 M to the map f’:S @4 MY > T 
such that f’(s ®@ g) = (T & g)(f(s)). It becomes the canonical isomorphism 


Hom 4-Hinear(S, T”) — Hom 4-1inear(S” , T) 


when M = A”. It follows that (32) is an isomorphism whenever M is a direct summand of 
a finitely generated free module, i.e., whenever M is finitely generated and projective. 

The canonical map (33) sends t ®m to the map f +> f(m)t. It is the special case of 
(32) in which S = A. 

The canonical map (34) sends f &g € MY @TY tothemapm@tr f(m)®@g(t):M®@ 
T — A, and the canonical map (35) sends m to the map f + f(m): MY — A. Again, it is 
obviously an isomorphism if one of M or T is free of finite rank, and hence also if one is a 
direct summand of such a module. 


We let ev: MY &4 M — A denote the evaluation map f & m > f(m). 


LEMMA 12.15. Let M and N be modules over commutative ring A, and let e: N 8&4 M — 
A be an A-linear map. There exists at most one A-linear map 6: A > M &4 N such that the 


composites 
5@M M®e 


M — > MƏNƏM — > M 
N@6 e@N (36) 
N — N®MON — N 
are the identity maps on M and N respectively. When such a map exists, 
T@4N ~ Hom jinear(M, T) (37) 


for all A-modules T. In particular, 


(N,e) ~ (MY ev). (38) 
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PROOF. From e we get an A-linear map 
T®@e:T@4N@4M >T, 
which allows us to define an A-linear map 
xh fxiT @4N > Hom4in(M,T) (39) 


by setting 
fc(m) = (T ®@e)(x@m), xET@,zN,meM. 
An A-linear map f: M — T defines a map f ®N:M@,4N —>T 84N, and soa map 
ô: A — M &4 N defines an A-linear map 
f = (f @N)(6()):Hom 41in(M,T) > T 84N. (40) 


When the first (resp. the second) composite in (36) is the identity, then (40) is a right 
(resp. a left) inverse to (39).'° Therefore, when a map 6 exists with the required properties, 
the map (39) defined by e is an isomorphism. In particular, e defines an isomorphism 


xh fe: M 84N > Homyjin(M, M), 


which sends (a) to the endomorphism x +> ax of M. This proves that ô is unique. 
To get (38), take T = M in (37). 


Let A — B be a ring homomorphism. Let e: N @ 4 M — A be an A-linear map. Because 
the functor M ~> Mg = B &4 M commutes with tensor products (see p.40), ô: A > 
M ®4N satisfies the conditions of (12.15) relative to e, then ôg: B ~ Mp 8B Np satisfies 


the conditions of (12.15) relative to ep. 


PROPOSITION 12.16. An A-module M is finitely generated and projective if and only if 
there exists an A-linear map 5: A > M ® M“ such that 


(M &ev)o (8 8 M) =idy 
(MY &8)o(ev&M“) =idyy. 
15 Assume 6 satisfies the condition in the statement of the lemma. 


Let x € T 8&4 N; by definition, (fx @ N)(6(1)) = (T ®e 8 N)(x @6(1)). On tensoring the second sequence 
in (36) with T, we obtain maps 


(41) 


TONS T N 
TOAN =T@{N @4A— > TRAN ©4M O4N > TAN 
whose composite is the identity map on T @ 4 N. As x = x @ 1 maps to x & ô(1) under T ® N & ô, this shows 


that (fx ® N)(8(1)) = x. 
Let f € Hom 4_;,(M, T), and consider the commutative diagram 


T@4N@4M es T 


ly @N@M |r 


m 22". WeyNeyM SS, m. 


For m € M, the two images of 6(1) @m in T are f(m) and ffon) a) 0n), and so f = Afon) 
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PROOF. <=: On taking T = M in (37), we see that MY @4 M ~ End(M) (A-linear 
endomorphisms). If }0;<7 fi ® mi corresponds to idm, so that } jez fi(m)m; =m for all 


m € M, then 
M m= (fi (m)) Al (ai) >} aimi M 
is a factorization of idm. Therefore M is a direct summand of a free module of finite rank. 
=> : Suppose first that M is free with finite basis (e;);ez, and let (e!);ez be the dual 
basis of MY. The linear map ê: A > M 8 MY, 1m Xe; Q el, satisfies the conditions (41). 
Moreover, it is the unique map satisfying (41) — see (12.15). In particular, it is independent 
of the choice of ej. 
For the general case, we choose a family (fj )1<i<m as in (12.6c). In particular, M p, is 
a free A ¢,-module, and so 6 is defined for each module M f;; the uniqueness assertion in 
Lemma 12.15 then implies that the ô for the different M ¢, patch together to give a ô for M. 
In more detail, consider the diagram 


II 4s 3 I] 44s, 


1l<i<m 1<i,j <m 


|. | 


M@MY ——, || (Mem), == [|] M@M”)yy,. 


1<i<m 1<i,j<m 


A 


In the top row, the first arrow sends a to (a; ) with a; equal to the image of a in A y,, and the 
upper arrow (resp. lower arrow) sends (a;) to (a;,;) with a;,; equal to the image of a; in 
A f; f; (resp. the image of a; in A f ¢,). The bottom row is obtained from the top row by 
tensoring with M @ MY. The vertical map (6;) is the product of the (unique) maps satisfying 
(41). The vertical map at right can be described as the extension of scalars of (6;) via the 
upper arrow Į] Į; A f, > Thi, j Ay f; OF the extension of scalars of (ôi) via the lower arrow 
— they are the same because they both equal the unique ] | i,j Af; f; “linear map satisfying 
the condition (41). As A and M are the submodules of ||; A ¢, and Į [; M f, on which the 
pairs of arrows agree (Exercise 11.22), the map (6;) induces an A-linear A > M @ MY, 
which satisfies (41). [This argument becomes more transparent when expressed in terms of 
sheaves. | 


ASIDE 12.17. A module M over a ring A is said to be reflexive if the canonical map M > MY” is 
an isomorphism. We have seen that for finitely generated modules “projective” implies “reflexive”, 
but the converse is false. In fact, for a finite generated module M over an integrally closed noetherian 
integral domain A, the following are equivalent (Bourbaki AC, VII, §4, 2): 

(a) M is reflexive; 

(b) M is torsion-free and equals the intersection of its localizations at the prime ideals of A of 

height 1; 
(c) M is the dual of a finitely generated module. 
For noetherian rings of global dimension < 2, for example, for regular local rings of Krull 

dimension < 2, every finitely generated reflexive module is projective: for every finitely generated 
module M over a noetherian ring A, there exists an exact sequence 


A” > A" +M—0 
with m,n € N; on taking duals and forming the cokernel, we get an exact sequence 
0> MY > A” > A” > N > O; 


if A has global dimension < 2, then M” is projective, and if M is reflexive, then M ~ (MY)Y. 
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ASIDE 12.18. For a finitely generated torsion-free module M over an integrally closed noetherian 
integral domain A, there exists a free submodule L of M such that M/L is isomorphic to an ideal a in 
A (Bourbaki AC, VII, §4, Thm 6). When A is Dedekind, every ideal is projective, and so M ~ L@a. 
In particular, M is projective. Therefore, the finitely generated projective modules over a Dedekind 
domain are exactly the finitely generated torsion-free modules. 


SUMMARY 12.19. In the following, all maps are canonical. If P is finitely generated 
projective, then 


PŠ PY., 


A module P is finitely generated projective if and only if the following canonical map is an 
isomorphism 
PY & P —>End(P). 


If P or P’ is finitely generated projective, then 
PY & P! —> Hom(P, P’). 
If both P and P’ or both P and M or both P’ and M’ are finitely generated projective, then 
Hom(P, M) & Hom(P’, M’) —> Hom(P & P’,M 8 M’). 
In particular, if P or P’ is finitely generated projective, then 
PY@ PY 5 (P 8 P’). 


(mo56255, Georges Elencwajg). 


13 Zariski’s lemma and the Hilbert Nullstellensatz 


Zariski’s lemma 


In proving Zariski’s lemma, we shall need to use that the ring k[X] contains infinitely many 
distinct monic irreducible polynomials. When k is infinite, this is obvious, because the 
polynomials X —a, a € k, are distinct and irreducible. When k is finite, we can adapt Euclid’s 
argument: if p1,..., pr are monic irreducible polynomials in k[X], then pı++- pr +1 is 
divisible by a monic irreducible polynomial distinct from p1,..., Dr. 


THEOREM 13.1 (ZARISKI’S LEMMA). Letk C K be fields. If K is finitely generated as a 
k-algebra, then it is algebraic over k (hence finite over k, and it equals k if k is algebraically 
closed). 


PROOF. We shall prove this by induction on r, the smallest number of elements required to 
generate K as a k-algebra. The case r = 0 being trivial, we may suppose that 


K = k[|x1,..., xr] with r > 1. 


If K is not algebraic over k, then at least one x;, say x1, is not algebraic over k. Then, k[x1] 
is a polynomial ring in one symbol over k, and its field of fractions k(x1) is a subfield of 
K. Clearly K is generated as a k(x,)-algebra by x2,...,x,, and so the induction hypothesis 
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implies that x2,...,x, are algebraic over k(x;). According to Proposition 6.7, there exists a 
c € k[x,] such that cx2,...,cx, are integral over k[x1]. 

Let f €k(x1). Then f € K =k[x1,...,x;] and so, for a sufficiently large N, c f € 
k[x1,¢x2,...,¢Xy]. Therefore c™ f is integral over k[x;] by (6.5), which implies that 
cN f €k[x1] because k[x1] is integrally closed in k(x;) (6.10). But this contradicts the 
fact that k[x1] (~ k[X]) has infinitely many distinct monic irreducible polynomials that can 
occur as denominators of elements of k(x;). Hence K is algebraic over k. 


COROLLARY 13.2. Let A be a finitely generated k-algebra. Every maximal ideal in A is 
the kernel of a homomorphism from A into a finite field extension of k. 


PROOF. Indeed, A/m itself is a finite field extension of k. 


COROLLARY 13.3. Letk C K C A bek-algebras with K a field and A finitely generated 
over k. Then K is algebraic over k. 


PROOF. Let m be a maximal ideal in A. Then mN K = (0), and so k C K C A/m. The 
theorem shows that the field A/m is algebraic over k, and hence K is also. 


REMARK 13.4. Let A be a finitely generated k-algebra. It follows from (13.2) that the 
maximal ideals m in A are exactly the kernels of k-algebra homomorphisms g: A > k?. If 
m = Ker(qg), then m has residue field k if and only if the image of ọ is k. In this way, we 
get a one-to-one correspondence between the maximal ideals of A with residue field k and 
the k-algebra homomorphisms from A to k. 


ASIDE 13.5. There is a very short proof of Zariski’s lemma when k is uncountable. Let k C K be 
fields. If K is finitely generated as a k-algebra, then its dimension as a k-vector space is countable. 
On the other hand, if x € K is transcendental over k, then the elements +, c € k, are linearly 
independent (assume a linear relation, and clear denominators). When k is uncountable, this gives a 
contradiction. 


Alternative proof of Zariski’s lemma 


The following is a simplification of Swan’s simplication!® of a proof of Munshi. 


LEMMA 13.6. Foran integral domain A, there does not exist an f € A[X] such that A[X] ¢ 
is a field. 


PROOF. Suppose, on the contrary, that A[X] y is a field. Then f ¢ A, and we can write 
(f -1)7! = g/f" with g € A[X] andn > 1. Then 


(f-D8=f”=0+(f-)"=1+(f- Dh 


with h € A[X], and so (f — 1)(g — h) = 1. Hence f —1 is a unit in A[X], which is absurd 
(it has degree > 1). 


PROPOSITION 13.7. Let A be an integral domain, and suppose that there exists a maximal 
ideal m in A[X1,..., Xn] such that A Nm = (0). Then there exists a nonzero a € A such 
that Aa is a field and A[Xj,..., Xn]/m is a finite extension of Aa. 


'For a leisurely exposition of Munshi’s proof, see May, J. Peter, Munshi’s proof of the Nullstellensatz. Amer. 
Math. Monthly 110 (2003), no. 2, 133-140. 
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Note that the condition AM m = (0) implies that A (hence also Aq) is a subring of the field 


K= A[X1,..., Xn|/m, and so the statement makes sense. 


PROOF. We argue by induction on n. When n = 0, the hypothesis is that (0) is a maximal 
ideal in A; hence A is a field, and the statement is trivial. Therefore, suppose that n > 1, and 
regard A[X,,..., Xn] as a polynomial ring in n — 1 symbols over A[X;] for some fixed i. If 
mN A[X;] = (0), then, by induction, there exists an f € A[X;] such that A[X;] ¢ is a field, 
contradicting Lemma 13.6. We conclude that, for each i, there exists a nonzero element 

aj x + oes 
in mN A[X;]. The image x; of X; in K satisfies the equation 


aixi +++ =0, 


and so K is integral over its subring Ag,...a,,. This implies that Ag,...a, is a field (see 7.1), 
and K is finite over it because it is integral and finitely generated (6.3). 


We now prove Zariski’s lemma. Let m be a maximal ideal in k[X1,..., Xn]. Then 
k Mm = (0) because k is a field. According to the proposition, there exists a nonzero a € k 
such that k[X1,..., X,]/m is a finite extension of kg, but, because k is a field, kg = k. 


The Nullstellensatz 


Recall that k*! denotes an algebraic closure of the field k. 


THEOREM 13.8 (NULLSTELLENSATZ). Every proper ideal a in k[X1,..., Xn] has a zero 
in (k*')", i.e., there exists a point (ay,...,dn) € (k*')” such that f(a1,...,an) = 0 for all 


fea. 


PROOF. We have to show that there exists a k-algebra homomorphism k[X1,..., Xn] > k” 
containing a in its kernel. Let m be a maximal ideal containing a. Then k[X1,..., Xn]/m is 
a field, which is finitely generated as a k-algebra. Therefore it is finite over k by Zariski’s 
lemma, and so there exists a k-algebra homomorphism k[Xj,..., X,]/m — k*!. The com- 
posite of this with the quotient map k[X1,...,Xn] > k[X1,...,Xn]/m contains a in its 
kernel. 


COROLLARY 13.9. When k is algebraically closed, the maximal ideals in k|X1,..., Xn] 
are exactly the ideals (X1 —ay,...,Xn—Gn), (41,...,4n) E€ k”. 


PROOF. Clearly, k[X1,...,Xn]/(X1 — 41,..., Xn — an) = k, and so (Xj — a1,..., Xn — 
an) is maximal. Conversely, because k is algebraically closed, a maximal ideal m of 
k[X1,..., Xn] has a zero (a1,...,an) ink”. Let f € k[X1,..., Xn]; when we write f asa 
polynomial in Xı — a1,..., Xn — an, its constant term is f (a1,...,an). Therefore 


fem => f €e(Xı—a1,...,Xn— an), 


and so m = (X1 —41,..., Xn — an). 


THEOREM 13.10 (STRONG NULLSTELLENSATZ). Foran ideala ink[X1,..., Xn], let Z (a) 
be the set of zeros of a in (k*!)". If a polynomial h € k[X1,..., Xn] is zero on Z(a), then 
some power of h lies in a. 
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PROOF. '’We may assume h Æ 0. Let g1,..., gm generate a, and consider the system of 
m + 1 equations inn + 1 variables, X1,..., Xn, Y, 


gi(Xy,...,Xn) = 0, i=1,...,m 
1-—Yh(Xq,...,Xn) = 0. 
If (a1,...,dn,0) satisfies the first m equations, then (a1,...,an) E Z(a); consequently, 
h(aj,...,an) = 0, and (a1,...,an,b) doesn’t satisfy the last equation. Therefore, the equa- 


tions are inconsistent, and so, according to the Nullstellensatz (13.8), the ideal 
(g1,.--,8m,1—Yh) = k[X1,...,Xn,Y]. 
This means that there exist f; € k[X1,..., Xn, Y] such that 
m 
1= 0 figi + fmti-(—Yh). (42) 
i=l 
On applying the homomorphism 


Yer! 
to (42), we obtain the identity 
=F Baye Xn") Bi Way Xn) (43) 
l 


in k(X1,..., Xn). Clearly 


polynomial in X1,...,Xn 
hNi 


fi(X1,...,Xn,h7) = 


for some N;. Let N be the largest of the N;. On multiplying (43) by h we obtain an 
identity 
hN = 5. (polynomial in X1,...,Xn)-gi(X1,...,Xn), 
L 


which shows that AY € a. 


PROPOSITION 13.11. The radical of an ideal a in a finitely generated k-algebra A is equal 
to the intersection of the maximal ideals containing it: rad(a) = ( \m>a™. In particular, if A 
is reduced, then (m maximal ™ = 9. 

PROOF. Because of the correspondence between the ideals in a ring and in a quotient of the 
ring ((2), p. 4), it suffices to prove this for A = k[X1,..., Xn]. 


7 This argument is known as Rabinowitsch’s trick (J. L. Rabinowitsch, “Zum Hilbertschen Nullstellensatz’, 
Math. Ann. 102 (1930), p.520). When he emigrated to the United States, Rabinowitsch simplified his name to 
Rainich. He was a faculty member at the University of Michigan from 1925-1956, where the following story is 
folklore: Rainich was giving a lecture in which he made use of a clever trick which he said he had discovered. 
Someone in the audience indignantly interrupted him pointing out that this was the famous Rabinowitsch trick 
and berating Rainich for claiming to have discovered it. Without a word Rainich turned to the blackboard and 
wrote RABINOWITSCH. He then began erasing letters. When he was done what remained was RA IN I CH. He 
then went on with his lecture. See also mo45185. 
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The inclusion rad(a) C (\m>a ™ holds in every ring (because maximal ideals are radical 
and rad(a) is the smallest radical ideal containing a). 

For the reverse inclusion, let A lie in all maximal ideals containing a, and let (a1,...,an) € 
Z(a). The image of the evaluation map 


fe f@,...,4n):k[X1,...,Xn] > k” 


is a subring of kè! which is algebraic over k, and hence is a field (see §1). Therefore, the 
kernel of the map is a maximal ideal, which contains a, and so also contains h. This shows 
that i(a1,...,@,) = 0, and we conclude from the strong Nullstellensatz that h € rad(a). 


14 The spectrum of a ring 


Definition 
Let A be a ring, and let V be the set of prime ideals in A. For an ideal a in A, let 
Via) ={peV |p Da}. 


PROPOSITION 14.1. There are the following relations: 
(a) ac b = V(a)D V(b); 
©) VO)=V; V(A) =ð; 
(c) V(ab) = V (aN b) = V (a) U V(b); 
(dD VÈ jerai) = (jer V(ai) for every family of ideals (ai)jer. 


PROOF. The first two statements are obvious. For (c), note that 
abcanbca,b =} V(ab) D V(anb) D V(a) UV (6). 


For the reverse inclusions, observe that if p ¢ V(a) U V(b), then there exist an f € ax p and 
ag € bnp; but then fg € ab~p, and so p ¢ V(ab). For (d) recall that, by definition, }° a; 
consists of all finite sums of the form }` fi, fi € a;. Thus (d) is obvious. 


Statements (b), (c), and (d) show that the sets V(a) satisfy the axioms to be the closed 
subsets for a topology on V: both the whole space and the empty set are closed; a finite 
union of closed sets is closed; an arbitrary intersection of closed sets is closed. This topology 
is called the Zariski topology on V. We let spec(A) denote the set of prime ideals in A 
endowed with its Zariski topology. 

For h € A, let 


D(h) =tpeV |h €p}. 


Then D(h) is open in V, being the complement of V((A)). If S is a set of generators for an 
ideal a, then 


V~ Va) = ea D(h), 
and so the sets D(h) form a base for the topology on V. Note that 


Dt hy) = Dian D(hn). 


For every element h of A, spec(A;,) ~ D(h) (see 5.4), and for every ideal ain A, spec(A/a) ~ 
V(a) (isomorphisms of topological spaces). 
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Idempotents and decompositions of spec(A) 


An element e of a ring A is idempotent if e? = e. For example, 0 and 1 are both idempotents 
— they are called the trivial idempotents. Idempotents e1,...,en are orthogonal if eje ; = 0 
for i Æ j. Every sum of orthogonal idempotents is again idempotent. A set {e1,...,en} 
of orthogonal idempotents is complete if e1 + ---+e, = 1. Every finite set of orthogonal 
idempotents {e1,...,@,} can be made into a complete set of orthogonal idempotents by 
adding the idempotent e = 1 — (e1 +--+ en). 


LEMMA 14.2. The topological space spec (A) is disconnected if and only if A contains a 
nontrivial idempotent e, in which case 


spec(A) = D(e)U D(1—e). 


PROOF. Let e be a nontrivial idempotent, and let f = 1 —e. For a prime ideal p, the map 
A — A/p must send exactly one of e or f to a nonzero element. This shows that spec A is a 
disjoint union of the sets D(e) and D(f), each of which is open. If D(e) = spec A, then 
e would be a unit (2.3), and hence can be cancelled from ee = e to give e = 1. Therefore 
D(e) # spec A, and similarly, D(f) 4 spec A. 

Conversely, suppose that spec A is disconnected, say, the disjoint union of two nonempty 
closed subsets V(a) and V(6). Because the union is disjoint, no prime ideal contains both a 
and b, and so a + b = A. Thus a + b = 1 for some a € a and b € b. As ab € aN b, all prime 
ideals contain ab, which is therefore nilpotent (2.5), say (ab)” = 0. Every prime ideal 
containing a” contains a; similarly, any prime ideal containing b” contains b; thus no prime 
ideal contains both a” and b”, which shows that (a™,b’) = A. Therefore, 1 = ra” + sb” 
for some r,s € A. Now 


Ga (sb) = rs(ab)” = 0, 
(ra™)? = (ra™)(1—sb™) = ra”, 
(sb™)? = sb” 
ra” +sb” = 1, 
and so {ra” , sb} is a complete set of orthogonal idempotents. Clearly V (a) C V(ra”) 


and V(b) C V(sb™”). As V(ra™)N V(sb™) = Ø, we see that V (a) = V(ra™) and V(b) = 
V(sb™), and so each of ra” and sb” is a nontrivial idempotent. 


Let U be an open and closed subset of spec(A). The proof of the lemma shows that 
U = D(e) for some idempotent e € A. Let U’ = spec(A)~ U. The image of e in O(U’) 
lies in all prime ideals of O(U’); hence is nilpotent; hence is 0. The image @ of e in O(U) 
lies in no prime ideals of O(U); hence 1 — € = 0; hence @ = 1. As spec(A) = U UU’, this 
shows that e is uniquely determined by U. 


PROPOSITION 14.3. Let X = spec(A). There are natural one-to-one correspondences 
between the following objects. 
(a) Decompositions 
X=X,U...UXn 


of X into a finite disjoint union of open subsets. 
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(b) Decompositions 
A= Aj X X An 


of A into a finite product of rings (A; C A). 
(c) Decompositions 
l =e +--+ 


of 1 into the sum of a complete sets {e1,..., en} of orthogonal idempotents in A. 
The sets X; in (a) are connected <=> no ring A; in (b) has a nontrivial idempotent <=> no 
idempotent e; in (c) can be written as a sum of two nontrivial idempotents. 


PROOF. (b)<>(c). If A = A, xX--- x An (direct product of rings), then the elements 


ei = (0,...,1,...,0), 1<i<n, 


form a complete set of orthogonal idempotents in A. Conversely, if {e1,..., en} is a complete 
set of orthogonal idempotents in A, then Ae; becomes a ring!* with the addition and 
multiplication induced by that of A, and A ~ Ae, x--- x Aen. 

(c)<>(a). Let {e1,...,@n} be a complete set of orthogonal idempotents, and let p be a 
prime ideal in A. Because A/p is an integral domain, exactly one of the e;’s maps to 1 in 
A/p and the remainder map to zero. This proves that spec (A) is the disjoint union of the 
sets D(e;). 

Now consider a decomposition 


spec (A) = X1U...U Xn 


with each X; open. We use induction on n to show that it arises from a unique complete set 
of orthogonal idempotents. When n = 1, there is nothing to prove, and when n > 2, we write 


spec A = X1 U (X2 U... U Xn). 


From Lemma 14.2 et seq. we know that there exist unique orthogonal idempotents e1, e} € A 
such that ey +e) = 1 and 


X1 = D(e1) 
X2U...UXn = D(e}) = spec Ae}. 
By induction, there exist unique orthogonal idempotents e2,...,@, in the ring Ae’ such that 
eg +--+ +en =e} and X; = D(e;) for i = 2,...,n. Now {e1,...,€n} is a complete set of 


orthogonal idempotents in A such that X; = D(e;) for all i. 

(b)<>(a). The ideals in a finite product of rings A = A; x--- x Ay are all of the form 
a1 X++: X An with a; an ideal in A; (cf. p.8). As Į] |; Ai/[]; a: = []; A/ai. we see that the 
prime ideals are those of the form 


Ay X: Xx Aj—1 X aj X Aj41 XX An 


with a; prime. It follows that spec(A) = [_]; spec(A;) (disjoint union of open subsets). 
Let spec (A) = X1U...U Xn, and let 1 = e1 +--+- + en be the corresponding decompo- 
sition of 1. Then Ox (X;) ~ Ox (X)e;, and so Ox (X) > []; Ox (Xi). 


'8But Ae; is not a subring of A if n £ 1 because its identity element is e; 4 14. However, the map a > 
ae;: A — Ae; realizes Ae; as a quotient of A. 
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Properties of spec(A) 


We study more closely the Zariski topology on spec(A). For each subset S of A, let V(S) 
denote the set of prime ideals containing S, and for each subset W of spec(A), let I(W) 
denote the intersection of the prime ideals in W: 


SCA, V(S) = {p € spec(A) | S C p}, 
W C spec(A), I(W) = ia 


Thus V (S) is a closed subset of spec(A) and /(W) is a radical ideal in A. If V (a) D W, then 
a C I(W), and so V (a) D VI(W). Therefore VI(W) is the closure of W (smallest closed 
subset of spec(A) containing W); in particular, VI(W) = W if W is closed. 


PROPOSITION 14.4. Let V be a closed subset of spec(A). 

(a) There is an order-inverting one-to-one correspondence W <> I(W) between the closed 
subsets of spec(A) and the radical ideals in A. 

(b) The closed points of V are exactly the maximal ideals in V. 

(c) Every open covering of V has a finite subcovering. 

(d) If A is noetherien, then every ascending chain of open subsets U} C U2 C ++- of V 
eventually becomes constant; equivalently, every descending chain of closed subsets 
of V eventually becomes constant. 


PROOF. (a) and (b) are obvious. 

(c) Let (U;)jez be an open covering of spec(A). On covering each U; with basic 
open subsets, we get a covering (D(h;)) jez of spec(A) by basic open subsets. Because 
spec(A) = |J ; D(h;), the ideal generated by the h; is A, and so 1 = ayhj, +++ amh jn 
for some a1,...,€m E A. Now spec(A) = Uj, <;<,, D(h;,), and it follows that spec(A) is 
covered by finitely many of the sets U;. aE 

(d) We prove the second statement. A sequence Vj D V2 D-:: of closed subsets of V 
gives rise to a sequence of ideals (V1) C I(V2) C ..., which eventually becomes constant. 
If Vin) = I(Vm+1), then VI(Vin) = VI (Vm+1), i.e., Vin = Vm+1- 


A topological space V having property (c) is said to be quasi-compact (by Bourbaki at 
least; others call it compact, but Bourbaki requires a compact space to be Hausdorff). A 
topological space V having the property in (d) is said to be noetherian. This condition is 
equivalent to the following: every nonempty set of closed subsets of V has a minimal element. 
Clearly, noetherian spaces are quasi-compact. Since an open subspace of a noetherian space 
is again noetherian, it will also be quasi-compact. 


DEFINITION 14.5. A nonempty topological space is said to be irreducible if it is not the 
union of two proper closed subsets. 


Equivalent conditions: any two nonempty open subsets have a nonempty intersection; 
every nonempty open subset is dense. 

If an irreducible space W is a finite union of closed subsets, W = W1 U... U W,, then 
W = Wi, or W2 U... U Wp; if the latter, then W = W2 or W3 U ... U W,, etc.. Continuing in 
this fashion, we find that W = W; for some i. 

The notion of irreducibility is not useful for Hausdorff topological spaces, because the 
only irreducible Hausdorff spaces are those consisting of a single point — two points would 
have disjoint open neighbourhoods. 
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PROPOSITION 14.6. A closed subset W of spec(A) is irreducible if and only if I(W) is 
prime. In particular, the spectrum of a ring A is irreducible if and only if the nilradical of A 
is prime. 


PROOF. =: Let W be an irreducible closed subset of spec(A), and suppose that fg € I(W). 
Then fg lies in each p in W, and so either f € p or g € p; hence W C V(f) UV(g), and so 


W=(WNOV(f))U(WNV(g)). 


As W is irreducible, one of these sets, say W N V( f), must equal W. But then f € I(W). 
We have shown that /(W) is prime. 

<: Assume I (W) is prime, and suppose that W = V(a) U V(b) with a and 6 radical 
ideals — we have to show that W equals V(a) or V(b). Recall that V(a) U V(b) = Vian b) 
(see 14.1c) and that aN b is radical; hence /(W) = a N b (by 15.3). If W Æ V(a), then there 
exists an f € ax I(W). For all g € b, 


fgeeceaNb= I(W). 


Because /(W) is prime, this implies that b C Z (W ); therefore W C V(b). 
Thus, in the spectrum of a ring, there are one-to-one correspondences 


radical ideals <> closed subsets 
prime ideals <> irreducible closed subsets 


maximal ideals <> one-point sets. 


EXAMPLE 14.7. Let f € k[X1,..., Xn]. According to Theorem 4.10, k[X1,..., Xn] is a 
unique factorization domain, and so ( f) is a prime ideal if and only if f is irreducible (4.1). 
Thus 

V(S) is irreducible <=> f is irreducible. 


On the other hand, suppose that f factors as 
f= I] f” , Ji distinct irreducible polynomials. 
Then 


(f)=(\4"). (f"") distinct ideals, 
rad((f)) = (X fi), (fi) distinct prime ideals, 
Vif) = U V(fi), V(fi) distinct irreducible algebraic sets. 


PROPOSITION 14.8. Let V be a noetherian topological space. Then V is a finite union of 
irreducible closed subsets, V = V, U...U Vm. If the decomposition is irredundant in the 
sense that there are no inclusions among the V;, then the V; are uniquely determined up to 
order. The V; are exactly the maximal irreducible subsets of V. 


PROOF. Suppose that V can not be written as a finite union of irreducible closed subsets. 
Then, because V is noetherian, there will be a closed subset W of V that is minimal 
among those that cannot be written in this way. But W itself cannot be irreducible, and so 
W = W, U Wo, with each W; a proper closed subset of W. Because W is minimal, both W1 
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and W2 can be expressed as finite unions of irreducible closed subsets, but then so can W. 
We have arrived at a contradiction. 
Suppose that 
V = V U...U Vm = W1 U... U Wn 


are two irredundant decompositions. Then V; = |J ¿0i N W;), and so, because V; is 
irreducible, V; = V; N W; for some j. Consequently, there exists a function f:{1,..., m} —> 
{1,..., n} such that V; C Wy ;) for each i. Similarly, there is a function g:{1,...,n} > 
{1,...,m} such that W; C Vgc; for each j. Since V; C Wei) C Vefa), we must have 
gf(i) =i and V; = Wy); similarly fg = id. Thus f and g are bijections, and the 
decompositions differ only in the numbering of the sets. 

Let W be a maximal irreducible subset of V. Then 


W = (ViN W)U...U (Vm AW). 


Each set V; N W is closed in W, and so W = V; 1 W for some i, i.e., W C V; for some i. 
Because W is maximal, it equals V;. 


The V; given uniquely by the proposition are called the irreducible components of V. 
In Example 14.7, the V(f;) are the irreducible components of V (f). 


COROLLARY 14.9. Every radical ideal a in a noetherian ring A is a finite intersection of 
prime ideals, a = pı N ... N pn; if there are no inclusions among the p;, then the p; are 
uniquely determined up to order. Every prime ideal of A containing a contains some pj. 


PROOF. In view of the correspondence between radical (resp. prime) ideals in A and closed 
(resp. irreducible closed) subsets in spec(A), this is a restatement of the proposition. 


In particular, a noetherian ring has only finitely many minimal prime ideals, and their 
intersection is the radical of the ring. 


COROLLARY 14.10. A noetherian topological space has only finitely many connected 
components (each of which is open). 


PROOF. Each connected component is closed, hence noetherian, and so is a finite union of 
its irreducible components. Each of these is an irreducible component of the whole space, 
and so there can be only finitely many. 


REMARK 14.11. (a) An irreducible topological space is connected, but a connected topolog- 
ical space need not be irreducible. For example, Z (X1 X2) is the union of the coordinate axes 
in k?, which is connected but not irreducible. A closed subset V of spec(A) is not connected 
if and only if there exist proper ideals a and b such that aN b = /(V) and a+b = A. 

(b) A Hausdorff space is noetherian if and only if it is finite, in which case its irreducible 
components are the one-point sets. 

(c) In a noetherian ring, every proper ideal a has a decomposition into primary ideals: 
a =( )qj (see §19). For radical ideals, this becomes a simpler decomposition into prime 
ideals, as in the corollary. For an ideal (f) in k[X1,...,Xn] with f = [| p” , it is the 
decomposition (f) = ()( J~ ) noted in Example 14.7. 
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Maps of spectra 


Let g: A > B be a homomorphism of rings, and let p be a prime ideal of B. Then B/pB 
is an integral domain and the map A/g~!(p) —> B/p is injective, and so y~!(p) is a prime 
ideal in A. Therefore gy defines a map 


yp": spec(B) — spec(A). 


This map is continuous because (9! (D(f)) = D(ọ(f)). In this way, spec becomes a 
contravariant functor from the category of commutative rings to the category of topological 
spaces. 


DEFINITION 14.12. A subset C of a noetherian topological space X is constructible if it 
is a finite union of subsets of the form U N Z with U open and Z closed. 


The constructible subsets of A” are those that can be defined by a finite number of 
statements of the form 


f(X1,...,Xn) =0 


combined using only “and”, “or”, and “not”. This explains the name. 


PROPOSITION 14.13. Let C bea constructible set whose closure C is irreducible. Then C 
contains a nonempty open subset of C. 


PROOF. We are given that C = | )(U; N Z;) with each U; open and each Z; closed. We 
may assume that each set Uj N Z; in this decomposition is nonempty. Clearly C C (J Z4, 
and as C is irreducible, it must be contained in one of the Z;. For this i 


CDU;NZ; DU;NC DU;NC DU; N(U; NZ) =U; NZ;. 


Thus U; N Z; = U; NC is a nonempty open subset of C contained in C. 


THEOREM 14.14. Let A be a noetherian ring, and let gy: A > B be a finitely generated 
A-algebra. The map g*:spec(B) — spec(A) sends constructible sets to constructible sets. 
In particular, if U is a nonempty open subset of spec(B), then y“(U) contains a nonempty 
open subset of its closure in spec(A). 


PROOF. The “in particular” statement of the theorem is proved for finitely generated k- 
algebras in (15.8) below and for noetherian rings in (21.11) below. 

We now explain how to deduce the main statement of the theorem from the “in particular” 
statement. Let X = spec(A) and Y = spec(B), and let C be a constructible subset of Y . Let 
Y; be the irreducible components of Y. Then C N Y; is constructible in Y;, and ° (Y ) is the 
union of the ø? (C N Y;); it is therefore constructible if the øf (C N Y;) are. Hence we may 
assume that Y is irreducible. Moreover, C is a finite union of its irreducible components, 
and these are closed in C; they are therefore constructible. We may therefore assume that C 
also is irreducible; C is then an irreducible closed subvariety of Y. 

We shall prove the theorem by induction on the dimension of Y. If dim(Y) = 0, then the 
statement is obvious because Y is a point. If C Æ Y, then dim(C) < dim(Y), and because 
C is constructible in C, we see that ø“ (C) is constructible (by induction). We may therefore 
assume that C = Y. But then C contains a nonempty open subset of Y, and so we know 
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that øf (C) contains an nonempty open subset U of its closure. Replace X with the closure 
of o° (C), and write 
g“ (C) =UUg*(CN(y*) (XN). 


Then (g“)~!(X ~ U) is a proper closed subset of Y (the complement of X — U is dense in 
X and g% is dominant). As C N (y“)~!(X ~ U) is constructible in (g?)~!(X ~ U), the set 
g (C N(y*)—!(X ~ U)) is constructible in X by induction, which completes the proof. 


Let p and p’ be prime ideals in a ring A. If p Cp’ (i.e., p’ € V(p)), then we say that p’ is 
a specialization of p and that p is a generalization of p’. 


PROPOSITION 14.15. Let A be a noetherian ring, and let X = spec(A). A constructible 
subset Z of X is closed if it is closed under specialization. 


PROOF. Let W be an irreducible component of Z, and let p = 1(W); then W = V(p), i.e., 
W consists of the specializations of p. Then W N Z is constructible and it is dense in W, 
and so it contains a nonempty open subset U of W (14.13). Hence p € U and, because Z 
is closed under specialization, W C Z. As Z contains all irreducible components of Z, it 
contains Z. 


PROPOSITION 14.16. Let A be a noetherian ring, and let p: A —> B be a finitely generated 
A-algebra. If ọ satisfies the going-down theorem, then the map ¢*: spec(B) — spec(A) is 
open (i.e., sends open subsets to open subsets). 


PROOF. Let U be an open subset of spec(B), Then o° (U) is constructible (14.14), and the 
going-down theorem says that it is closed under generalization. Therefore spec(A) ~ gf (U) 
is constructible and closed under specialization, and hence closed. 


15 Jacobson rings and max spectra 


DEFINITION 15.1. A ring A is Jacobson if every prime ideal in A is an intersection of 
maximal ideals. 


A field is Jacobson. The ring Z is Jacobson because every nonzero prime ideal is 
maximal and (0) = ( ) p prime(P)- A principal ideal domain (more generally, a Dedekind 
domain) is Jacobson if it has infinitely many maximal ideals.!? A local ring is Jacobson if 
and only if its maximal ideal is its only prime ideal. 


PROPOSITION 15.2. Every finitely generated algebra over a field is Jacobson. 


PROOF. Apply (13.11). 


PROPOSITION 15.3. Ina Jacobson ring, the radical of an ideal is equal to the intersection 
of the maximal ideals containing it. In particular, an element is nilpotent if it is contained in 
all maximal ideals. 


19n a principal ideal domain, a nonzero element a factors as a = up}! --- p° with u a unit and the p; prime. 
The only prime divisors of a are p,..., Ps, and so a is contained in only finitely many prime ideals. Similarly, 
in a Dedekind domain, a nonzero ideal a factors as a = pi --- p35 with the p; prime ideals (cf. 20.7 below), and 
Piresi pr are the only prime ideals containing a. On taking a = (a), we see that again a is contained in only 
finitely many prime ideals. 
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PROOF. Proposition 2.5 says that the radical of an ideal is an intersection of prime ideals, 
and so this follows from the definition of a Jacobson ring. 


ASIDE 15.4. Every ring of finite type over a Jacobson ring is a Jacobson ring (EGA IV, 10.4.6). 


Max spectra 


Let A be ring. The set spm(A) of maximal ideals in A acquires a topology in exactly the 
same way as spec(A). Namely, the closed sets for the topology are the subsets 


V(a) = {m|mD a} 


of spm(A) with a an ideal in A. 

Everything in §14 holds, with essentially the same proofs, for the max spectra of Jacobson 
rings. For example, in the proof of (14.2), we used that an element of A is nilpotent if it 
is contained in all prime ideals. The is true with “maximal” for “prime” provided A is 
Jacobson. 

In particular, for a Jacobson ring A, there are natural one-to-one correspondences between 

© the decompositions of spm(A) into a finite disjoint union of open subspaces, 
© the decompositions of A into a finite direct products of rings, and 
© the complete sets of orthogonal idempotents in A. 


ASIDE 15.5. By definition, spm(A) is the subspace of spec(A) consisting of the closed points. 
When A is Jacobson, the map U +> U Mspm(A) is a bijection from the set of open subsets of spec(A) 
onto the set of open subsets of spm(A); therefore spm(A) and spec(A) have the same topologies — 
only the underlying sets differ. 


ASIDE 15.6. Letk = R or C. Let X be a set and let A be a k-algebra of k-valued functions on X. 
In analysis, X is called the spectrum of A if, for each k-algebra homomorphism g: A > k, there 
exists a unique x € X such that g(f) = f(x) for all f € A, and every x arises from a @. 

Let A be a finitely generated algebra over an arbitrary algebraically closed field k, and let 
X =spm(A). An element f of A defines a k-valued function 


mr f modm 


on X. When A is reduced, Proposition 13.11 shows that this realizes A as a ring of k-valued functions 
on X. Moreover, because (45) is an isomorphism in this case, for each k-algebra homomorphism 
gy: A > k, there exists a unique x € X such that g(f) = f(x) for all f € A. In particular, when 
k = Cand A is reduced, spm(A) is the spectrum of A in the sense of analysis. 


The max spectrum of a finitely generated k-algebra 


Let k be a field, and let A be a finitely generated k-algebra. For every maximal ideal m 
of A, the field x (m) = A /m is a finitely generated k-algebra, and so k(m) is finite over k 
(Zariski’s lemma, 13.1). In particular, it equals «(m) = k when k is algebraically closed. 

Now fix an algebraic closure k*!. The image of any k-algebra homomorphism A —> k*! 
is a subring of k*! which is an integral domain algebraic over k and therefore a field (see 
§1). Hence the kernel of the homomorphism is a maximal ideal in A. In this way, we get a 
surjective map 


Hom. aig(A.k*!)  spm(A). (44) 
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Two homomorphisms A — k?! with the same kernel m factor as 
A> k(m) >k”, 


and so differ by an automorphism” of k*!. Therefore, the fibres of (44) are exactly the orbits 
of Gal(k*"/k). When k is perfect, each extension k(m)/k is separable, and so each orbit 
has [k(m):k] elements, and when k is algebraically closed, the map (44) is a bijection. 

Set A =k[X1,...,Xp]/a. Then to give a homomorphism A — k”! is the same as giving 
an n-tuple (a1,...,dn) of elements of k*! (the images of the X;) such that f(a1,...,dn) =0 
for all f € a, i.e., an element of the zero-set V(a) of a. The homomorphism corresponding 
to (a1,...,dn) maps k(m) isomorphically onto the subfield of k*! generated by the a;’s. 
Therefore, we have a canonical surjection 


V(a) > spm(A) (45) 


whose fibres are the orbits of Gal(k*!/k). When the field k is perfect, each orbit has 
[k[a1,...,@n] : k]-elements, and when k is algebraically closed, V (a) ~ spm(A). 


Maps of max spectra 


Let g: A > B be a homomorphism of rings, and let p be a prime ideal of B. Then B/p is an 
integral domain and A/g~!(p) > B/p is injective, and so g7! (p) is a prime ideal in A. In 
this way, spec becomes a functor from rings to topological spaces. Unfortunately, when p is 
maximal, g~!(p) need not be maximal — consider for example the inclusion map Z —> Q 
and the ideal (0) in Q. Therefore, spm is not a functor on the category of all rings, but it is a 
functor on the category of finitely generated over a fixed field. 


LEMMA 15.7. Let gy: A > B be a homomorphism of k-algebras, and let m be a maximal 
ideal in B. If B is finitely generated over k, then the ideal p~'(m) is maximal in A. 


PROOF. Because B is finitely generated over k, its quotient B/m by any maximal ideal m 
is a finite field extension of k (Zariski’s lemma, 13.1). Therefore the image of A in B/m is 
an integral domain finite over k, and hence is a field (see §1). As this image is isomorphic to 
A/y~'(m), this shows that the ideal g~!(m) is maximal in A. 


Therefore g defines a map 
y*:spm(B) > spm(A), m g~*(m), 


which is continuous because (y*)~!(D(f)) = D(g(f)). In this way, spm becomes a 
functor from finitely generated k-algebras to topological spaces. 


THEOREM 15.8. Let g: A B be a homomorphism of finitely generated k -algebras. Let 
U be a nonempty open subset of spm(B), and let p*(U)~ be the closure of its image in 
spm(A). Then y*(U) contains a nonempty open subset of each irreducible component of 
pg (U). 

20Let f and g be two k-homomorphisms from a finite field extension k’ of k into k*!. We consider the set 
of pairs (K,a) in which a is a k-homomorphism from a subfield K of k#! containing f(k’) into kè such that 


ao f = g. The set is nonempty, and Zorn’s lemma can be applied to show that it has a maximal element (K’, a’). 
For such an element K’ will be algebraically closed, and hence equal to kal, 
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PROOF. Let W = spm(B) and V = spm(A), so that g* is a continuous map W > V. 

We first prove the theorem in the case that @ is an injective homomorphism of integral 
domains. For some b 4 0, D(b) C U. According to Proposition 15.9 below, there exists 
a nonzero element a € A such that every homomorphim a: A —> k*! such that a(a) 4 0 
extends to a homomorphism f: B —> k*! such that B(b) 4 0. Let m € D(a), and choose « to 
be a homomorphism A — k*! with kernel m. The kernel of $ is a maximal ideal n € D(b) 
such that g7! (n) = m, and so D(a) C y*(D(b)). 

We now prove the general case. If W1,..., W, are the irreducible components of W, 
then y*(W)~ is a union of the sets y*(W;)~, and any irreducible component C of g* (U)~ 
is contained in one of p*(W;)~, say p*(W1)~. Let q = I(W1) and let p = g7! (q). Because 
W, is irreducible, they are both prime ideals. The homomorphism g: A — B induces an 
injective homomorphism g: A/p —> B/gq, and g* can be identified with the restriction of y* 
to W,. From the first case, we know that g@*(U N W1) contains a nonempty open subset of 
C, which implies that g*(U) does also. 


In the next two statements, A and B are arbitrary commutative rings — they need not be 
k-algebras. 


PROPOSITION 15.9. Let A C B be integral domains with B finitely generated as an algebra 
over A, and let b be a nonzero element of B. Then there exists an element a # 0 in A 
with the following property: every homomorphism a: A — 92 from A into an algebraically 
closed field 2 such that æ (a) # 0 can be extended to a homomorphism p: B —> Q such that 


B(b) £0. 


We first need a lemma. 


LEMMA 15.10. Let B D A be integral domains, and assume B = A[t] = A[T]/a. Letc C A 
be the ideal of leading coefficients of the polynomials in a. Then every homomorphism 
a: A —> Q from A into an algebraically closed field Q such that a(c) 0 can be extended 
to a homomorphism of B into 22. 


PROOF. If a= 0, then c = 0, and every a extends. Thus we may assume a Æ 0. Let a be a 
homomorphism A — £2 such that a(c) Æ 0. Then there exist polynomials am T” +---+ ao 
in a such that œ (am) Æ 0, and we choose one, denoted f, of minimum degree. Because 
B #0, the polynomial f is nonconstant. 

Extend a to a homomorphism A[T] > 92[T], again denoted a, by sending T to T, and 
consider the subset a(a) of 2[7]. 

FIRST CASE: @(a) DOES NOT CONTAIN A NONZERO CONSTANT. If the §2-subspace 
of 2[T] spanned by a(a) contained 1, then so also would a(a),”! contrary to hypothesis. 
Because 

T-X cia(gi) =} cia(giT), co EQ, gi Ea, 


this §2-subspace an ideal, which we have shown to be proper, and so it has a zero c in 2. 
The composite of the homomorphisms 


AT] Š 2[T]—> 2, TeTec, 


factors through A[T]/a = B and extends a. 


2lUse that, if a system of linear equation with coefficients in a field k has a solution in some larger field, then 
it has a solution in k. 
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SECOND CASE: @(a) CONTAINS A NONZERO CONSTANT. This means that a contains a 
polynomial 


e(T) =b T” +---+bo suchthat a(bo) #0, a(b1) =a(b2) =- =0. 
On dividing f(T) into g(T) we obtain an equation 
a4 g(T) =q(T)f(T)+r(T), deéEN, q,r €A[T], degr<m. 
When we apply a, this becomes 


(dm) 4“ a(bo) = a(q)a(f) +a(r). 


Because a(f) has degree m > 0, we must have œ (q) = 0, and so a(r) is a nonzero constant. 
After replacing g (T) with r(T), we may suppose that n < m. If m = 1, sucha g(T) can’t 
exist, and so we may suppose that m > 1 and (by induction) that the lemma holds for smaller 
values of m. 

For A(T) = c T" + cp_-1T" 1 +--+ co, let h' (T) = cr +++» +coT". Then the A- 
module generated by the polynomials T*h'(T), s > 0, h € a, is an ideal a’ in A[T]. Moreover, 
a’ contains a nonzero constant if and only if a contains a nonzero polynomial cT”, which 
implies £ = 0 and A = B (since B is an integral domain). 

When a’ does not contain a nonzero constant, we set B’ = A[T]/a’ = A[t’]. Then a’ 
contains the polynomial g’ = ba +---+ b9T”, and a(bo)4 0. Because degg’ < m, the 
induction hypothesis implies that œ extends to a homomorphism B’ —> 2. Therefore, there 
exists ac € Q such that, for all A(T) = c T" +e-_1T’ | +++» +c € 4, 


h'(c) = æ(cr) + a(cp_1)e +--+ coc” = 0. 


On taking h = g, we see that c = 0, and on taking h = f, we obtain the contradiction 
a(adm) = 0. 


PROOF (OF 15.9). Suppose that we know the proposition in the case that B is generated by 
a single element, and write B = A[t,,...,t,]. Then there exists an element b,—; with the 
property that every homomorphism a: A[f1,...,fn—1] —> Q such that w(bn—1) 4 0 extends 
to a homomorphism 6: B —> 2 such that 6(b) Æ 0. Continuing in this fashion (with bn—1 
for b), we eventually obtain an element a € A with the required property. 

Thus we may assume B = A[t]. Let a be the kernel of the homomorphism T +> f, 
A[T] > Aft]. 

Case (i). The ideal a = (0). Write 


b= f(t) =aot” +a,t” 1 +---+an, aj, €A, 


and take a = dg. If a: A > X2 is such that æ (ao) Æ 0, then there exists a c € 92 such that 
f(c) #0, and we can take £ to be the homomorphism © d;t! œ> Y\a(d;)c’. 

Case (ii). The ideal a 4 (0). Let f(T) = amT” +---+d0, Gm 4 0, be an element of 
a of minimum degree. Let A(T) € A[T] represent b. Since b #0, h ¢ a. Because f is 
irreducible over the field of fractions of A, it and h are coprime over that field. In other 
words, there exist u,v € A[T] and a nonzero c € A such that 


uh+vf =c. 


It follows now that cam satisfies our requirements, for if (cam) # 0, then a can be extended 
to 6: B > 2 by the lemma, and B(u(t)-b) = B(c) £0, and so B(b) Æ 0. 
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REMARK 15.11. In case (ii) of the last proof, both b and b~! are algebraic over A, and so 
there exist equations 


aob” +++-+dm=0, ai€ A, ao #0; 


ajo "++-+an=0, a, €A, ay #0. 


One can show that a = agdp has the property required by the proposition (cf. Atiyah and 
Macdonald 1969 5.23, p.66). 


ASIDE 15.12. Let A be a noetherian ring, and let g: A > B be a finitely generated A-algebra. Then 
the statement of (15.8) holds for g*: spm(B) — spm(A) with much the same proof. 


ASIDE 15.13. Let A be a ring and g: A > B a finitely generated A-algebra. If A is Jacobson, so 
also is B, and g induces a map spm(B) — spm(A). 


ASIDE 15.14. In general, the map A —> A[X] does not induce a map spm(A[X]) > spm(A). Con- 
sider for example a discrete valuation ring A with maximal ideal (zr) (e.g., Z(p) with maximal ideal 
(p)). The ideal (xX — 1) is maximal, because A[X]/(2X — 1) is the field of fractions of A (by 5.3), 
but (7X —1)N A = (0), which is not maximal. 


ASIDE 15.15. There exists a local integral domain A whose prime ideals form a single infinite chain 
(0) = po C p1 C p2 C--- Cm. The open subscheme spec(A) ~ {m} of spec(A) has no closed points. 


Exercises 


EXERCISE 15.16. Let A denote the polynomial ring Q[X1, X2,...] in countably many 
symbols. 
(a) Show that A is not a Jacobson ring (consider the kernel of a surjective homomorphism 
from A to a countable local domain, e.g., Q[X](x)). 
(b) Show that (0) = ( ){m | m a maximal ideal in A}. 
See mo151011. 


16 Artinian rings 


A ring A is artinian if every descending chain of ideals a; D a2 D ++- in A eventually 
becomes constant; equivalently, if every nonempty set of ideals has a minimal element. 
Similarly, a module M over a ring A is artinian if every descending chain of submodules 
Ni D N2 D --- in M eventually becomes constant. 


PROPOSITION 16.1. Anartinian ring has Krull dimension zero; in other words, every prime 
ideal is maximal. 


PROOF. Let p be a prime ideal of an artinian ring A, and let A’ = A/p. Then A’ is an 
artinian integral domain. Let a be a nonzero element of A’. The chain (a) D (a?) D +- 
eventually becomes constant, and so a” = a"*1b for some b € A’ and n > 1. We can cancel 
a” to obtain 1 = ab. Thus a is a unit, and so A’ is a field, and p is maximal. 


COROLLARY 16.2. In an artinian ring, the nilradical and the Jacobson radical coincide. 
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PROOF. The first is the intersection of the prime ideals (2.5), and the second is the intersec- 
tion of the maximal ideals (2.6). 


PROPOSITION 16.3. An artinian ring has only finitely many maximal ideals. 


PROOF. Let mı N... N m, be minimal among finite intersections of maximal ideals in an 
artinian ring, and let m be another maximal ideal in the ring. If m is not equal to one of the 
m;, then, for each i, there exists an a; E m; xm. Now a1 ---dy lies in mı N... N mpn but not 
in m (because m is prime), contradicting the minimality of mı N... N Mz. 


PROPOSITION 16.4. In an artinian ring, some power of the nilradical is zero. 


PROOF. Let M be the nilradical of the artinian ring A. The chain N D N? D --- eventually 
becomes constant, and so N” = MN" +! =... for some n > 1. Suppose that N” Æ 0. Then 
there exist ideals a such that a- N” Æ 0, for example N, and we choose an a that is minimal 
among such ideals. There exists an a € a such that a- N” 0, and so a = (a) (by minimality). 
Now (a0t”) 0" = aN?” = aN” #0 and aN” C (a), and so aN” = (a) (by minimality 
again). Hence a = ax for some x € N”. Now a = ax = ax? =---=a0 = 0 because x E€ N. 


This contradicts the definition of a, and so N” = 0 


LEMMA 16.5. Let A be a ring in which some finite product of maximal ideals is zero. Then 
A is artinian if and only if it is noetherian. 


PROOF. Suppose that m;---m, = 0 with the m; maximal ideals (not necessarily distinct), 
and consider 


ADMD: Dm em- DMy---M, De Dmm = 0. 


The action of A on the quotient M, = m,---m,—1/m,---m, factors through the field A/m,, 
and the subspaces of the vector space M, are in one-to-one correspondence with the ideals 
of A contained between mı ---m,;—, and m,---m,. If A is either artinian or noetherian, then 
M, satisfies a chain condition on subspaces and so it is finite-dimensional as a vector space 
and both artinian and noetherian as an A-module. Now repeated applications of Proposition 
3.3 (resp. its analogue for artinian modules) show that if A is artinian (resp. noetherian), then 
it is noetherian (resp. artinian) as an A-module, and hence as a ring. 


THEOREM 16.6. A ring is artinian if and only if it is noetherian of dimension zero. 


PROOF. =>: Let A be an artinian ring. After (16.1), it remains to show that A is noetherian, 
but according to (16.2), (16.3), and (16.4), some finite product of maximal ideals is zero, 
and so this follows from Lemma 16.5. 

<=: Let A be a noetherian ring of dimension zero. Because A is noetherian, its radical N 
is a finite intersection of prime ideals (14.9), each of which is maximal because dim A = 0. 
Hence Nt is a finite intersection of maximal ideals (2.5), and since some power of St is zero 
(3.17), we again have that some finite product of maximal ideals is zero, and so can apply 
Lemma 16.5. 


THEOREM 16.7. Every artinian ring is (uniquely) a product of local artinian rings. 
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PROOF. Let A be artinian, and let m;,...,m, be the distinct maximal ideals in A. We saw 
in the proof of (16.6) that some product ci -my =0. For i Æ j, the ideal me? + n is 
not contained in any maximal ideal, and so equals A. Now the Chinese remainder theorem 
2.13 shows that 

Ax AJm xx A/mm", 


and each ring A/ m’ is obviously local. 


PROPOSITION 16.8. Let A be a local artinian ring with maximal ideal m. If m is principal, 
so also is every ideal in A; in fact, if m = (t), then every ideal is of the form (t") for some 
r>0. 


PROOF. Because m is the Jacobson radical of A, some power of m is zero (by 16.4); in 
particular, (0) = (t”) for some r. Let a be a nonzero ideal in A. There exists an integer r > 0 
such that a C m” but a ¢ m’!. Therefore there exists an element a of a such that a = ct” 
for some c € A but a ¢ (t”*"). The second condition implies that c ¢ m, and so it is a unit; 
therefore a = (a). 


EXAMPLE 16.9. The ring A = k[X1, X2, X3,...]/(X1, X2, X3,...) has only a single prime 
ideal, namely, (x1, X2,X3,...), and so has dimension zero. However, it is not noetherian 
(hence not artinian). 


ASIDE 16.10. Every finitely generated module over a principal Artin ring is a direct sum of cyclic 
modules (see mo22722). 


17 Quasi-finite algebras and Zariski’s main theorem. 


In this section we prove a fundamental theorem of Zariski.?” Throughout, k is a field and A 
is a commutative ring. 


Quasi-finite algebras 


PROPOSITION 17.1. Let B be a finitely generated k-algebra. A prime ideal q of B is an 
isolated point of spec(B) if and only if Bg is finite over k. 


PROOF. To say that q is an isolated point of spec(B) means that there exists an f € By q 
such that spec(B f) = {q}. Now Bf is noetherian with only one prime ideal, namely, 


m= qBy, and so it is artinian (16.6). The quotient B f/m is a field which is finitely 
generated as a k-algebra, and hence is finite over k (Zariski’s lemma 13.1). Because B p is 
artinian, 

By DmDm D- 


can be refined to a finite filtration whose quotients are one-dimensional vector spaces over 
By /m. Therefore B p is a finite k-algebra. As f ¢ q, we have Bq = (B f )q, which equals 
B ¢ because B ¢ is local. Therefore B4 is also a finite k-algebra. 


22Our exposition of the proof follows those in Raynaud 1970 and in Hochster’s course notes from Winter, 
2010. 


17 QUASI-FINITE ALGEBRAS AND ZARISKI’S MAIN THEOREM. 78 


For the converse, suppose that B, is finite over k, and consider the exact seqence 
0>M—B—>B,-N-0 (46) 


of B-modules. When we apply the functor Sg 1 to the sequence (46), it remains exact 
(5.11), but the middle arrow becomes an isomorphism, and so Mq = 0 = Ng. Because B 
is noetherian, the B-module M is finitely generated, with generators e1,...,@m say. As 
M, = 0, there exists, for each i, an f; € B ~ q such that fje; = 0. Now f’ = fi --- fm has 
the property that f’M = 0, and so M f, = 0. 

Because B, is a finite k-algebra, N is finitely generated as a k-module, and therefore 
also as a B-module. As for M, there exists an f” € B~ q such that M fv = 0. Now 


f = f'f" € B~ q has the property that My =0 = Nf. When we apply the functor S7' 
to (46), we obtain an isomorphism Bf ~ Bg, and so spec(B f) = spec(B4) = {q}, which 
shows that q is an isolated point. 


PROPOSITION 17.2. Let B be a finitely generated k-algebra. The space spec(B) is discrete 
if and only if B is a finite k-algebra. 


PROOF. If B is finite over k, then it is artinian and so (16.7) 
B= | [Bm | m maximal} (finite product), 


and 
spec(B) = LI spec(Bm) = LI {m} (disjoint union of open subsets). 
m m 


Therefore each point is isolated in spec(B). 
Conversely, if spec(B) is discrete then it is a finite disjoint union, 


spec(B) = LI spec(B sf), fi € B, 
1<i<n 


with spec(B f) = {qi}. Hence B = |], <;<, By; (by 14.3) with By, = By,. According to 
Proposition 17.1, each k-algebra B,, is finite over k, and so B is finite over k. 


DEFINITION 17.3. Let B be a finitely generated A-algebra. 
(a) Let q be a prime ideal of B, and let p = q°. The ring B is said to be quasi-finite over 
Aat qif B,/pB, is a finite «(p)-algebra. 
(b) The ring B is said to be quasi-finite over A if it is quasi-finite over A at all the prime 
ideals of B. 


PROPOSITION 17.4. Let B be a finitely generated A-algebra. Let q be a prime ideal of B, 
and let p = q°. Then B is quasi-finite over A at q if and only if q is an isolated point of 
spec(B ® 4 k(p)). 


PROOF. As 
B,/pBy = (B/pB)aq/p ~ (B@AK(P))q/p + 
this is an immediate consequence of (17.1) applied to the «(p)-algebra B @ 4 k(p). 
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The prime ideals of B/pB correspond to the prime ideals of B whose contraction to A 
contains p, and the prime ideals of B & 4 «K (p) correspond to the prime ideals of B whose 
contraction to A is p. To say that B is quasi-finite over A at q means that q is both maximal 
and minimal among the prime ideals lying over p (i.e., that each point of spec(B @ 4 k(p)) 
is closed). 


PROPOSITION 17.5. A finitely generated A-algebra B is quasi-finite over A if and only if, 
for all prime ideals p of A, B & 4 «K (p) is finite over K (p). 


PROOF. Immediate consequence of Proposition 17.2. 


EXAMPLE 17.6. Let C be a finitely generated A-algebra. If C is finite over A, then 
C @,4«k(p) is finite over k (p) for all prime ideals p of A, and so C is quasi-finite over A. 
In particular, spec(C ® 4 «(p)) is discrete for all primes p of A, and so if B is a finitely 
generated C-algebra such that the map spec(B) — spec(C) is an open immersion, then B 
is also quasi-finite over A. Zariski’s main theorem says that all quasi-finite A-algebras arise 
in this way. 


The next two lemmas will be used in the proof of Zariski’s main theorem. 


LEMMA 17.7. Let A —> C — B be homomorphisms of rings such that the composite 
A — B is of finite type, and let q be a prime ideal of B. If B is quasi-finite over A at q, then 
it is quasi-finite over C at q. 


PROOF. Let py and pc be the inverse images of q in A and C respectively. Then spec(B ®c 
K(pc)) is subspace of spec(B ® 4 «(p,)), and so if q is an isolated point in the second space, 
then it is an isolated point in the first space. 


LEMMA 17.8. Let A C C C B be rings. Let q be a prime ideal of B, and let t = q N C and 
p=qna. 
(a) If q is minimal among the primes lying over p and there exists au € C ~ q such that 
Cu = By, then t is minimal among the primes lying over p. 
(b) If B is integral over a finitely generated A-subalgebra Bo and q is maximal among the 
prime ideals lying over p, then t is maximal among the prime ideals lying over p. 
(c) Assume that B is integral over a finitely generated A-subalgebra Bo, and that there 
exists au E€ C ~q such that C, = Bu. If B is quasi-finite over A at q, then C is 
quasi-finite over A at r. 


PROOF. (a) If v is a prime ideal of C lying over p and strictly contained in r, then by 
extending tr’ to Cy = B, and then contracting the result to B, we obtain a prime ideal q’ of 
B lying over p and strictly contained in q. 

(b) We may replace A, C, and B with their localizations at p, and so assume that A is 
local with maximal ideal p. Then 


A/pcC/tc B/q 


and we also have 
A/p C Bo/t’ C B/t 


where t’ = qN Bo. As q is maximal among the prime ideals lying over p, B/q is a field. As 
B /q is integral over Bo/v’, the latter is also a field (see 7.1), and it is finitely generated as an 
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A/p-algebra. Zariski’s lemma (13.1) now shows that Bo/v’ is a finite algebraic extension of 
A/p, and so B/q is an algebraic extension of A/p. It follows that C/t is a field, and so t is 
maximal among the prime ideals in C over p. 

(c) Combine (a) and (b) (with the remark following (17.3)). 


ASIDE 17.9. Geometrically, to say that A —> B is quasi-finite means that the map Spec B — Spec A 
has finite fibres. The condition that A — B be finite is much stronger: it not only requires that 
Spec B — Spec A have finite fibres but also that it be universally closed. See, for example, my notes 
on algebraic geometry. 


Statement of Zariski’s main theorem 


THEOREM 17.10. Let B be a finitely generated A-algebra, and let A’ be the integral closure 
of A in B. Then B is quasi-finite over A at a prime ideal q if and only if A’ ~ By for some 


feéEA~gq. 

The sufficiency is obvious; the proof of the necessity will occupy the rest of this section. 
First, we list some consequences. 
COROLLARY 17.11. Let B bea finitely generated A-algebra. The set of prime ideals of B 


at which B is quasi-finite over A is open in spec(B). 


PROOF. Let q be a prime ideal of B such that B is quasi-finite over A at q. The theorem 
shows that there exists an f € A’~q such that A’, ~ By. Write A’ as the union of the 


finitely generated A-subalgebras A; of A’ containing f: 


A =|] Ai. 


Because A’ is integral over A, each A; is finite over A (see 6.3). We have 


Br = Alp =|], Air. 
Because B p is a finitely generated A-algebra, B ¢ = A; for all sufficiently large A;. As the 


A; are finite over A, B p is quasi-finite over A, and spec(B f) is an open neighbourhood of q 
consisting of quasi-finite points. 


COROLLARY 17.12. Let B bea finitely generated A-algebra, quasi-finite over A, and let 
A’ be the integral closure of A in B. Then 
(a) the map Spec B — Spec A’ is an open immersion, and 
(b) there exists an A-subalgebra A” of A’, finite over A, such that Spec B — Spec A” is 
an open immersion. 


PROOF. (a) Because B is quasi-finite over A at every point of spec(B), the theorem implies 
that there exist f; € A’ such that the open sets spec(B ¢,) cover spec(B) and A’ L B ¢, for 
alli. As spec(B) quasi-compact, finitely many sets spec(B r, ) suffice to cover spec(B), and 
it follows that spec(B) —> spec(A’) is an open immersion. 

(b) We have seen that spec(B) = (J; <;<, spec(B s; ) for certain f; € A’ such that Al, fs 
B ,. The argument in the proof of (17.11) shows that there exists an A-subalgebra A” of A’, 
finite over A, which contains fi,..., fn and is such that B f, ~ A'r for all i. Now the map 


spec(B) — spec(A”) is an open aero 


Theorem 17.10, its corollary 17.12, and various global versions of these statements are 
referred to as Zariski’s main theorem. 
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A variant of Zariski’s main theorem 


PROPOSITION 17.13. Let AC C C B be rings such that A integrally closed in B, C is 
finitely generated over A, and B is finite over C. If B is quasi-finite over A at a prime ideal 
q, then By = Ay with p = qN A. 


PROOF THAT 17.13 IMPLIES 17.10 


Let A, A’, and B be as in the Theorem 17.10. We apply the proposition to A’ C B = B — 
Lemma 17.7 shows that the ring B is quasi-finite over A’ at q. The proposition shows that 
By = Ay with p’ = q A’. Let bj,...,bn generate B as an A’-algebra, and let b} denote 
the image of b; in By = Ay: Then b; = a;/f for some a; € A’ and f € A’~p’. The b; are 
in the image of the map A’, — B f, which is therefore surjective. But A’. — B ¢ is injective 
because A C B, and so the map is an isomorphism. This completes the proof of the theorem. 


Proof of Proposition 17.10 


We proceed by proving four special cases of Proposition 17.10. 


LEMMA 17.14. Let A C A[x] = B be rings such that A is integrally closed in B. If B is 
quasi-finite over A at a prime ideal q, then By = Ay with p = qN A. 


PROOF. The hypotheses remain true when we invert the elements of S ~ p to obtain Ay C 
A,[x] = By. Thus, we may suppose that A is local with maximal ideal p, and we have to 
prove that B = A. As A is integrally closed in B and B = A[x], it suffices to show that x is 
integral over A. 

Let k = A/p and consider the k-algebra 


k[x] = A[x] @4k = B 84 K(p). 


By assumption, q is an isolated point in spec(k[x]). Consequently, x is algebraic over k, 
because otherwise k[x] would be a polynomial ring over k, and its spectrum would have no 
isolated points. Therefore there exists a polynomial F € A[X] with nonconstant image in 
k[X] such that F(x) € pA[x]. Now F — F(x) is a polynomial in A[X] that vanishes on x 
and has at least one coefficient not in p. Choose such a polynomial H of minimum degree 
m, and write it 

A(X) =amX” +- +ao. 


The equation a” t H (x) = 0 can be written 
(amx)” + am-1 (amx)! + + aoa”! =0. 
It shows that amx is integral over A, and so lies in A. Now the polynomial 
(amx yy XO +--+ ao 


lies in A[X] and vanishes on x. As it has degree < m, all of its coefficients must lie in 
p. In particular, amx + am-1 € p. If am is a unit, then x is integral over A, as required. 
Otherwise, am € p and am-1 is a unit (because otherwise all coefficients of H lie in p); 
hence am—1 € pB, which is contradiction because pB C q. 
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LEMMA 17.15. Let B be an integral domain containing a polynomial ring A[X] and integral 
over it. Then B is not quasi-finite over A at every prime ideal q. 


PROOF. Let q be a prime ideal of B, and let p = q N A. If B is quasi-finite over A at q, then 
q is both maximal and minimal among the prime ideals lying over p. We shall assume that q 
is maximal and prove that it can’t then be minimal. 

Suppose first that A is integrally closed, and let t = q N A[X]. If t were not maximal 
among the prime ideals of A[X] lying over p, then the going-up theorem (7.6) would imply 
that q is not either. Therefore t is maximal among the prime over p, and it follows that its 
image tin k(p)[X] is maximal. In particular, t 0, and so t strictly contains the prime ideal 
pA[X] in A[X]. As A is integrally closed, A[X] is also (6.17), and the going down theorem 
(7.11) shows that q strictly contains a prime ideal lying over pA[X]. Therefore, q is not 
minimal among the prime ideals lying over p. 

In the general case, we let B’ denote the integral closure of B in its field of fractions. 
Then B’ contains the integral closure A’ of A, and is integral over A’[T]. Let q’ be a prime 
ideal of B’ lying over q (which exists by 7.5), and let p’ = q' N A’. As q is maximal among 
the primes lying over p, q’ is maximal among those lying over p’ (apply 7.4 to B C B’). But, 
according to the preceding paragraph, q’ is not minimal, which implies that q is not minimal 
(apply 7.4 again). 


LEMMA 17.16. Let A C A[x] C B be rings such that B is integral over A[x] and A is 
integrally closed in B. If there exists a monic polynomial F € A[X] such that F(x) B C A[x], 
then A[x] = B. 


PROOF. Let b € B be arbitrary. By assumption F(x)b € A[x], and so F(x)b = G(x) for 
some polynomial G in A[X]. As F is monic, we can divide F into G to get 


G=OF+R, degR<degF, O,R€A[X]. 


Now 
F(x)b = G(x) = O(x) F(x) + R(x). 


For c = b— Q(x), 
F(x)c = R(x). (47) 


To show that b € A[x], it suffices to show that c € A, and for this it suffices to show that c is 
integral over A. 

Let A’ be the image of A in Be. As deg R < deg F, the equality (47) shows that x/1, as 
an element of Be, is integral over the subring A’.. As B is integral over A[x], this implies that 
Be is integral over A/.. In particular, c/1 is integral over A’,, and so it satisfies an equation 
whose coefficients we can assume to have a common denominator c™: 


a = a 
(c/1)" + om cf)” "pet ap = 0, GEA 
(equality in Be). Therefore 


cM tm g ayc™ 14. tam 


is an element of B whose image in Be is zero, and so is killed by a power of c. This shows 
that c is integral over A, as required. 
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Let B be a finite A-algebra. The conductor of B in A is 
f(B/A) = {ae A|aBc A}. 


This is an ideal of both A and B. In fact, it is the largest ideal in A that is also an ideal 
in B, because every element a of such an ideal has the property that aB C A. For every 
multiplicative subset S of A, 


f(S~'B/S~*A) = S~'f(B/A). (48) 


LEMMA 17.17. Let A C A[x] C B be rings such that B is finite over A[x] and A is integrally 
closed in B. If B is quasi-finite over A at a prime ideal q, then By = Ay with p = qN A. 


PROOF. Let f = f(B/A[x]), so 
f ={a € A[x]|aB c A[x]}. 


We first consider the case that f É q. Let t = q N A[x]. For every u € fx q, we have 
A[x]u = By, and so Lemma 17.8 shows that A[x] is quasi-finite over A at r. Now Lemma 
17.14 shows that A[x], = Ap. But B is finite over A[x], and therefore By, is finite over 
A[x]p = Ap. As A is integrally closed in B, Ap is integrally closed in Bp, and therefore 
Ay = By, as required. 

It remains to consider the case f C q. We choose a prime ideal n C q of B minimal 
among those containing f. Let t denote the image of x in the ring B/n, and let m = nN A. 
Now 

A/m Cc (A/m)[t] c B/n, 


and B/n is integral over (A/m)[t]. As B is quasi-finite over A at q, the quotient B/n is 
quasi-finite over A/m at q/n. Now Lemma 17.15 implies that ¢ is algebraic over A/m. We 
shall complete the proof by obtaining a contradiction, which will show that this case doesn’t 
occur. 

After making an extension of scalars A —> Am, we may assume that A is a local ring 
with maximal ideal m. Let n’ = nN A[x]. Because f is algebraic over A/m, the integral 
domain A[x]/w’ is a finite A/m-algebra, and hence a field (see §1). Therefore, n’ is maximal 
in A[x], and it follows from (7.3) that n is maximal in B. Thus B/n is a field. 

Because ¢ is algebraic over A/m, there exists a monic polynomial F in A[X] such 
that F(x) € n. But n is minimal among the prime ideals of B containing f, and so nB, is 
minimal among the prime ideals of B, containing fn. In fact, nB, is the only prime ideal 
containing fy, and so nBy, is the radical of fn. Therefore, there exists an integer r > 0 such 
that (F(x))” € fy, and a y € B Nn such that yF(x)” €f. 

We therefore have yF (x)" B C A[x]. On applying Lemma 17.16 with A C A[x] C B’, 
B’ = A[x][yB], and F’ = F”, we deduce that B’ = A[x] and therefore that yB C Af[x]. 
Hence y € f C n, which contradicts the definition of y. 


PROOF OF PROPOSITION 17.10 


We use induction on the number n of generators of the A-algebra C. If n = 0, then B is 
integral over A, and so B = A. Assume that > 0 and that the proposition has been proved 
when C is generated by n — 1 elements. 


23Here we follow Hochster. Raynaud simply states that A[x] is quasi-finite over A at t. 
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Write C = A[x1,...,Xn], and let A’ be the integral closure of A[x1,...,X,—1] in B. 
Then 
A’ CA'[xn] C B, 


and B is finite over A’ [xy]. The ring B is finite over A’[x,] and it is quasi-finite over A at q, 
and so B is quasi-finite over A’ at q (by 17.7). From Lemma 17.17 we deduce that Ay = By 
with p = A Nq. 

As A’ is integral over A[x1,...,Xn—1], it is a union of its finite subalgebras, 


A= U, A’, A; finite over A[x1,...,Xn—1]. 


Let p; = qN Ai = p'N A’. As B is finitely generated over A[x1,...,X,—1], the canonical 
homomorphism 
(Ai) py > By, 


is an isomorphism for all sufficiently large i. For such an i, we have a fortiori that 
(Aj) py ~ By, 


and so A’ is quasi-finite over A at p,. On applying the induction hypothesis to A, A[x1,...,Xn—1], 
and A’, we deduce that 


and consequently that Ay ~ By. This completes the proof of Proposition 17.13 and hence of 
Theorem 17.10. 


18 Dimension theory for finitely generated k-algebras 


Except in the final subsection, A is an integral domain containing a field k and finitely 
generated as a k-algebra. We define the transcendence degree of A over k, trdeg, A, to be 
the transcendence degree over k of the field of fractions F(A) of A (see §9 of my notes 
Fields and Galois Theory). Thus A has transcendence degree d if it contains an algebraically 
independent set of d elements, but no larger set (ibid. 8.12). 


PROPOSITION 18.1. For all linear forms £1,...,£m in X1,...,Xn, the quotient ring 
k[X1,...,Xn]/(41,.--, £m) 


is an integral domain of transcendence degree equal to the dimension of the subspace of k” 
defined by the equations 


PROOF. This follows from the more precise statement: 


Let c be an ideal in k[X1,..., Xn] generated by linearly independent linear 
forms £1,..., €r, and let Xj, 4.6652; be such that 


in—r 
His.. tpg Xis Xina} 
is a basis for the linear forms in X),..., Xn. Then 


k[X1,..., Xn] /c¢ aay, geeewe. © ema 
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This is obvious if the forms £; are X1,..., X;. In the general case, because {X1,..., Xn} 
and {f1,...,€+,Xi,,...,Xi,_,} are both bases for the linear forms, each element of one set 
can be expressed as a linear combination of the elements of the other. Therefore, 


k[Xis Xn] HK isnt Xii ARS, 
and so 


a0 Gee O81 ote > Coen, CN 
= A [Xie |: 


PROPOSITION 18.2. For every irreducible polynomial f in k[X1,..., Xn], the quotient ring 
k[X1,...,Xn]/(/) has transcendence degree n — 1. 


PROOF. Let 

k[x1,...,Xn] = k[X1,..., Xn] / (J), Xi = Xi +(f), 
and let k(x1,...,Xn) be the field of fractions of k[x1,...,xn]. Since f is not zero, some X;, 
say, Xn, occurs in it. Then X, occurs in every nonzero multiple of f, and so no nonzero 
polynomial in X1,..., X,—1 belongs to (f). This means that x;,...,x,—1 are algebraically 
independent. On the other hand, x, is algebraic over k(x1,...,Xn—1), and so {x1,...,Xn—1} 
is a transcendence basis for k(x1,...,Xn) over k. 


PROPOSITION 18.3. For every nonzero prime ideal p in a k-algebra A, 
trdeg, (A/p) < trdeg, (A). 
PROOF. We may suppose that 
A=k[X,...,Xn|/a=k[x1,..., Xn]. 


For f € A, let f denote the image of f in A/p, so that A/p = k[Xj,...,Xp]. Let d = 
trdeg,; A/p, and number the X; so that ¥1,...,Xg are algebraically independent (for a proof 
that this is possible, see 8.9 of my notes Fields and Galois Theory). I shall show that, for 
any nonzero f € p, the d + 1 elements x1,...,xg, f are algebraically independent, which 
shows that trdeg, A > d +1. 

Suppose otherwise. Then there is a nontrivial algebraic relation, which we can write 


ao(x1,... Xd) f” Pai iy. ota) f "T! +--+ am(x1,..., Xd) = 0, 


with a; € k[X1,..., Xq] and ag # 0. Because A is an integral domain, we can cancel a 
power of f if necessary to make am(x1,..., Xq) nonzero. On applying the homomorphism 
A — A/p to the above equality, we find that 


am(X1,..., Xq) = 0, 


which contradicts the algebraic independence of X1,...,Xq. 


PROPOSITION 18.4. Let A be a polynomial ring. If p is a prime ideal in A such that 
trdeg, A/p = trdeg, A — 1, then p = (f) for some f € A. 
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PROOF. The ideal p is nonzero because otherwise A and A/p would have the same tran- 
scendence degree. Therefore p contains a nonzero polynomial, and even an irreducible 
polynomial f, because it is prime. According to (4.1), the ideal (f) is prime. If (f) Æ p, 
then 


trdeg, A/p a trdeg, A/(f) z trdeg, A-1, 


which contradicts the hypothesis. 


THEOREM 18.5. Let f € A be neither zero nor a unit, and let p be a prime ideal that is 
minimal among those containing (f ); then 


trdeg, A/p = trdeg, A — 1. 
We first need a lemma. 


LEMMA 18.6. Let A be an integrally closed integral domain, and let L be a finite extension 
of the field of fractions K of A. If a € L is integral over A, then Nmy/xa € A, and a 
divides Nm; jg & in the ring Afar]. 


PROOF. Let X" +.a,_1X"~!+-+++ ao be the minimum polynomial of œ over K. Then 


r divides the degree n of L/K, and Nmz/x(@) = bia), (see 5.40 of my notes Fields and 
Galois Theory). Moreover, dg lies in A by (6.11). From the equation 


C="! +a r107? +e bapa 


we see that œ divides ao in Ala], and therefore it also divides Nmz/x a. 


PROOF (OF THEOREM 18.5). Write rad( f ) as an irredundant intersection of prime ideals 
rad( f) = p1 N... Np; (see 14.9). Then V(a) = V(p1) U---U V(p;) is the decomposition 
of V(a) into its irreducible components. There exists an mo € V(p1) ~ U;>2 V (pi) and an 
open neighbourhood D(A) of mo disjoint from J; V(pi). The ring Ap (resp. An /S~'p) 
is an integral domain with the same transcendance degree as A (resp. A/p) — in fact, with 
the same field of fractions. In Ap, rad(£) = rad( f)? = p{. Therefore, after replacing A 
with A}, we may suppose that rad( f ) is prime, say, equal to p. 

According to the Noether normalization theorem (8.1), there exist algebraically inde- 
pendent elements x;,...,xg in A such that A is a finite k[x1,...,xg]-algebra. Note that 
d = trdeg, A. According to the lemma, fo = Nm(f) lies in k[x1,...,xg], and we shall 
show that p N k[x1,..., Xq] = rad( fo). Therefore, the homomorphism 


k[x1, as ,Xq|/rad( fo) => A/p 
is injective. As it is also finite, this implies that 


trdeg, A/p = trdeg;, k[x1,...,xg]/rad( fo) = d 1, 


as required. 

By assumption A is finite (hence integral) over its subring k[x1,...,xg]. The lemma 
shows that f divides fo in A, and so fo € (f) C p. Hence (fo) C pNk[x1,...,xg], which 
implies 

rad( fo) CpNk[x1,...,Xg] 
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because p is radical. For the reverse inclusion, let g € p N k[x1,...,xg]. Then g € rad(f), 
and so g” = fh for some h € A, m € N. Taking norms, we find that 


g”? =Nm(fh) = fo-Nm(h) € (fo). 


where e is the degree of the extension of the fields of fractions, which proves the claim. 


COROLLARY 18.7. Let p be a minimal nonzero prime ideal in A; then trdeg, (A/p) = 
trdeg; (A)—1. 


PROOF. Let f be a nonzero element of p. Then f is not a unit, and p is minimal among the 
prime ideals containing f. 


THEOREM 18.8. The length d of every maximal (i.e., nonrefinable) chain of distinct prime 
ideals 


Pa DPg-1 D D Po (49) 


in A is trdeg; (A). In particular, every maximal ideal of A has height tr degg (A), and so the 
Krull dimension of A is equal to tr deg, (A). 


PROOF. From Corollary 18.7, we find that 


trdeg, (A) = trdeg, (A/p1) + 1 =--- = trdeg, (A/pg) +d. 


But pg is maximal, and so A/pq is a finite field extension of k. In particular, trdeg, (A/pg) = 
0. 


EXAMPLE 18.9. Let f(X,Y) and g(X, Y) be nonconstant polynomials with no common 
factor. Then k[X, Y]/(f) has Krull dimension 1, and so k[X, Y]/(f, g) has dimension zero. 


EXAMPLE 18.10. We classify the prime ideals p in A = k[X,Y]. If A/p has dimension 
2, then p = (0). If A/p has dimension 1, then p = (f) for some irreducible polynomial 
f of A (by 18.4). Finally, if A/p has dimension zero, then p is maximal. Thus, when k 
is algebraically closed, the prime ideals in k[X, Y ] are exactly the ideals (0), (f) (with f 
irreducible), and (X —a, Y — b) (with a,b € k). 


REMARK 18.11. Let A be a finitely generated k-algebra (not necessarily an integral do- 
main). Every maximal chain of prime ideals in A ending in fixed prime ideal p has length 
trdeg, (A/p), and so the Krull dimension of A is max(trdeg, (A/p)) where p runs over the 
minimal prime ideals of A. In the next section, we show that a noetherian ring has only 
finitely many minimal prime ideals, and so the Krull dimension of A is finite. 

If x1,...,Xm is an algebraically independent set of elements of A such that A is a finite 
k[x1,...,Xm]-algebra, then dim A = m. 


REMARK 18.12. Let A be a discrete valuation ring A with maximal ideal (x). Then A[X] 


is a noetherian integral domain of Krull dimension 2, and (xX — 1) is a maximal ideal in 
A[X] of height 1 (cf. 15.14). 
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A short proof that the Krull dimension equals the transcendence de- 
gree 


The following proof shortens that in Coquand and Lombardi, Amer. Math. Monthly 112 
(2005), no. 9, 826-829. 

Let A be an arbitrary commutative ring. Let x € A, and let Stx} denote the multiplicative 
subset of A consisting of the elements of the form 


x"(l-ax), neN, acA. 


The boundary A;,, of A at x is defined to be the ring of fractions S i yA. 
We write dim(A) for the Krull dimension of A. 


PROPOSITION 18.13. Let A be a ring and let n € N. Then 
dim(A) <n <=> forall x € A, dim(A,,3) <n—1. 


PROOF. Recall (5.4) that Spec(S~!A) ~ {p € Spec(A) | pN S = Ø}. We shall need the 
following statements. 
(a) For every x € A and maximal ideal m C A, MN Six} Æ Ø. Indeed, if x € m, then 
x E€ MN Stx}; otherwise x is invertible modulo m, and so there exists an a € A such 
that 1—ax € m. 
(b) Let m be a maximal ideal, and let p be a prime ideal contained in m; for every 
x €m~np, we have pN Six} = Ø. Indeed, if x” (1 —ax) € p, then 1—ax € p (as 
x £ p); hence 1—ax € m, and so 1 € m, which is a contradiction. 
Statement (a) shows that every chain of prime ideals beginning with a maximal ideal is 
shortened when passing from A to Atx}, while statement (b) shows that a maximal chain of 
length n is shortened only to n — 1 when x is chosen appropriately. From this, the proposition 
follows. 


PROPOSITION 18.14. Letk C F C E be fields. Then 
tr deg, E = tr degg F + tr degr E. 


PROOF. More precisely, if B and C are transcendence bases for F/k and E/F respectively, 
then B UC is a transcendence basis for E/k. This is easy to check (see, for example, 
Jacobson, Lectures in Abstract Algebra III, 1964, Exercise 3, p.156). 


PROPOSITION 18.15. Let A be an integral domain with field of fractions F(A), and let k 
be a subfield of A. Then 
tr deg, F(A) > dim(A). 


PROOF. If tr degg F(A) = œ, there is nothing to prove, and so we assume that tr deg, F(A) = 
n € N. We argue by induction on n. We can replace k with its algebraic closure in A without 
changing tr deg; F(A). Let x € A. If x é k, then it is transcendental over k, and so 


tr degy(x) F(A) =n—-1 


by (18.14); since k(x) C Asx}, this implies (by induction) that dim(A;s,,) < n— 1. If x € k, 
thenO=1—x !xe Stx}, and so Ay, = 0; again dim(A;,}) < n — 1. Now (18.13) shows 
that dim(A) <n. 
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COROLLARY 18.16. The polynomial ring k|X,,..., Xn] has Krull dimension n. 


PROOF. The existence of the sequence of prime ideals 


(X1,...,Xn) D (X1,..., Xn-1) DD (X1) D (0) 


shows that k[X1,..., Xn] has Krull dimension at least n. Now(18.15) completes the proof. 


THEOREM 18.17. Let A be an integral domain containing a field k and finitely generated 
as ak-algebra. Then 
tr deg, F(A) = dim(A). 


PROOF. According to the Noether normalization theorem (8.1), A is integral over a poly- 
nomial subring k[x1,..., Xn]. Clearly n =tr deg, F(A). From the going-up theorem (7.7), 
dim(A) > dim(k[x1,...,Xn]) = n, and so dim(A) = n (18.15). 


19 Primary decompositions 


DEFINITION 19.1. An ideal q in A is primary if it is Æ A and 
ab € q, b £ q => a” € q for some n > 1. 


Thus, a proper ideal q in A is primary if and only if every zero-divisor in A/q is nilpotent. 
Therefore, a radical ideal is primary if and only if it is prime, and an ideal (m) in Z is primary 
if and only if m is a power of a prime. 


PROPOSITION 19.2. The radical of a primary ideal q is a prime ideal containing q, and 
it is contained in every other prime ideal containing q (i.e., it is the smallest prime ideal 
containing q). 


PROOF. Suppose that ab € rad(q) but b ¢ rad(q). Some power, say a” b”, of ab lies xin q, 

but b” ¢ q, and so (a™”)” € q for some n. Hence, a € rad(q). Therefore rad(q) is prime. 
Let p be a second prime ideal containing q, and let a € rad(q). For some n, a” € q C p, 

which implies that a € p. Therefore p D rad(q). 


When q is a primary ideal and p is its radical, we say that q is p-primary. Note that this 
means that if ab € q, then either b € q or a € p (or both). 


PROPOSITION 19.3. Every ideal q whose radical is a maximal ideal m is primary (in fact, 
m-primary); in particular, every power of a maximal ideal m is m-primary. 


PROOF. Every prime ideal containing q contains its radical m, and therefore equals m. This 
shows that A/q is local with maximal ideal m/q. Therefore, every element of A/q is either 
a unit, and hence is not a zero-divisor, or it lies in m/q, and hence is nilpotent. 


PROPOSITION 19.4. Let g: A— B be a homomorphism of rings. If q is a p-primary ideal 
in B, then q° = g'(q) is a p°-primary ideal in A. 
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PROOF. The map A/q° — B/q is injective, and so every zero-divisor in A/q° is nilpotent. 
This shows that q° is primary, and it remains to show that rad(q°) = p°. But 


rad(q°) “= rad(q)° = p° 


as claimed. 


LEMMA 19.5. Let q and p be ideals in A such that 
(a) q C p Crad(q) and 
(b) ab €q = acporbeg. 

Then p is a prime ideal and q is p-primary. 


PROOF. Clearly q is primary, hence rad(q)-primary, and rad(q) is prime. By assumption 
p C rad(q), and it remains to show that they are equal. Let a € rad(q), and let n be the 
smallest positive integer such that a” € q. If n = 1, then a € q C p; on the other hand, if 
n > 1, then a” = aa”! e q and a”! £ q, and so a € p by (b). 


PROPOSITION 19.6. A finite intersection of p-primary ideals is p-primary. 


PROOF. Let q1,...,qr be p-primary, and let q = q1 N ... N qr. We show that the pair of 
ideals q C p satisfies the conditions of (19.5). 
Let a € p. Then some power of a, say, a”, lies in qj, and a™*") € (\qi = q. Therefore 


p C rad(q). 
Let ab € q, so ab € qj alli. Ifa ¢ p, then b € q; all i, and so b € q. 


The minimal prime ideals of an ideal a are the minimal elements of the set of prime 
ideals containing a. They correspond to the minimal prime ideals of A/a. 


DEFINITION 19.7. A primary decomposition of an ideal a is a finite set of primary ideals 
whose intersection is a. Such a decomposition S of a is minimal if 

(a) the prime ideals rad(q), q € S, are distinct, and 

(b) no element of S can be omitted, i.e., for no q E€ S does q D {q | q' € S, q Æ q}. 


If a admits a primary decomposition, then it admits a minimal primary decomposition, 
because Proposition 19.6 can be used to combine primary ideals with the same radical, and 
any q that fails (b) can simply be omitted. The prime ideals occurring as the radical of an 
ideal in a minimal primary decomposition of a are said to belong to a. 


PROPOSITION 19.8. Suppose that a = qı O ++: N qn where q; is p;-primary fori = 1,...,n. 
Then the minimal prime ideals of a are the minimal elements of the set {p1,..., Pn}. 


PROOF. Let p be a prime ideal containing a. Then p is a prime ideal containing q1---qn, 
and so p contains one of the ideals q; (2.1b). Now Proposition 19.2 shows that p contains 


pi. 


In particular, if a admits a primary decomposition, then it has only finitely many minimal 
prime ideals, and so its nilradical is a finite intersection of prime ideals (which is always the 
case for noetherian rings, see 14.9). 

For an ideal a in A and an element x € A, we let 


(a:x) ={aeA|ax ea}. 


It is again an ideal in A, which contains a, and equals A if x € a. 
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LEMMA 19.9. Let q be a p-primary ideal and let x € A~ q. Then (q: x) is p-primary. 


PROOF. Let a € (q:x); then ax € q and x ¢ q, and soa € p. Therefore p D (q:x) D q. On 
taking radicals, we find that rad(q: x) = p. 

Let ab € (q:x), so that abx € q. If a € p, then bx € q, and so b € (q:x). Therefore, 
(q:x) is primary, and hence p-primary. 


THEOREM 19.10. Leta = q1 N... N qn be a minimal primary decomposition of a, and let 
p; = rad(q;). Then 


{p1,... Pn} = {rad(a:x)| x € A, rad(a:x) prime}. 


In particular, the set {p1,..., Pn} is independent of the choice of the minimal primary 
decomposition. 


PROOF. For every a € A, 


(a:a) = (()qi:a) = \(qi:a), 


and so 
rad(a:a) = rad (( )(qi:a)) = ( )rad(qj: a). 
Now rad(qi:a) = p; or A according as a ¢ qi or a € qi (19.9), and so 


rad(a:a) = N pi. (50) 


i such that a€q; 
If rad(a:a) is prime, then it contains one of the p; (2.1), and hence equals it, i.e., 
rad(a:a) € {p1,..., Pn}. 


On the other hand, for each i, there exists an a € () jæi qj ~4i because the decomposition 
is minimal, and (50) shows that rad(a:a) = pj. 


An ideal a is said to be irreducible if it cannot be expressed as the intersection of two 
strictly large ideals, i.e., if 


a= bN c (b, c ideals) > a=bora=c. 


THEOREM 19.11. In a noetherian ring A, every ideal admits a primary decomposition. 
More precisely: 

(a) Every ideal in A can be expressed as a finite intersection of irreducible ideals. 

(b) Every irreducible ideal in A is primary. 


PROOF. (a) Let S be the set of ideals for which (a) fails. If S is empty, then (a) is true. 
Otherwise, it contains a maximal element a. Then a itself is not irreducible, and so a = bN c 
with b and c properly containing a. As a is maximal in S, both b and c can be expressed as 
finite intersections of irreducible ideals, but then so can a. 

(b) Let a be irreducible in A, and consider the quotient ring A’ <A /a. Let a bea 
zero-divisor in A’, say, ab = 0 with b Æ 0. We have to show that a is nilpotent. As A’ is 
noetherian, the chain of ideals 


((0):a) C ((0):a7) C+ 
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becomes constant, say, 
((0):a") = ((0):a""F")) = +. 
Let c € (b) N (a™”). Because c € (b), ca = 0, and because c € (a), c = da” for some 
d € A. But 
(da™)a = 0 => d € (0:a™T!) = (0:a") > c = 0, 


and so (b) N (a™) = (0). Because a is irreducible, the zero ideal in A’ is irreducible, and it 
follows that a” = 0. 


A p-primary ideal q in a noetherian ring contains a power of p by Proposition 3.17. The 
next result proves a converse when p is maximal. 


PROPOSITION 19.12. Let m be a maximal ideal of a noetherian ring. Every proper ideal a 
of A that contains a power of a maximal ideal m is m-primary. 


PROOF. Suppose that m” C a, and let p be a prime ideal belonging to a. Then m” CaC p, 
so that m C p, which implies that m = p. Thus m is the only prime ideal belonging to a, 
which means that a is m-primary. 


EXAMPLE 19.13. We give an example of a power of a prime ideal p that is not p-primary. 
Let 
A = k[X,Y, Z]/(Y? —XZ) =k[x, y,z]. 


The ideal (X,Y) in k[X, Y, Z] is prime and contains (Y? — X Z), and so the ideal p = (x, y) 
in A is prime. Now xz = y? € p?, but one checks easily that x ¢ p? and z ¢ p, and so p? is 
not p-primary. 


REMARK 19.14. Let a be an ideal in a noetherian ring, and let b = Mna>1 a”. We give 
another proof that ab = b (see p. 13). Let 


ab =q1N...Nqs, rad(qi) = pj, 


be a minimal primary decomposition of ab. We shall show that b C ab by showing that 
b C q; for each i. 
If there exists a b € bx q;, then 


ab Cab qi, 
from which it follows that a C p;. We know that p? C q; for some r (see 3.17), and so 
b= |e co CH Ca, 


which is a contradiction. This completes the proof. 


Primary decompositions for modules 


Let M be a module over a ring A. The statements for modules below can be proved as for 
ideals, or deduced from them by considering the ring A @ M (see 2.14). 
For a submodule N of M, let 


(N:M)={aeEAlaM CN}. 
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It is an ideal in A. Let 
ru (N) =rad((N:M)) = {a € A |a”M CN for somen > 0}. 


An element a of A is a zero divisor of M if ax = 0 for some nonzero x € M, and it 
is nilpotent on M if a” M =0 for some n. A submodule Q of M is primary if every zero 
divisor of M/Q is nilpotent on M/Q. 


PROPOSITION 19.15. If Q is a primary submodule of M, then (Q: M) is a primary ideal, 
and so rm (Q) is a prime ideal p. We say that Q is p-primary in M. 


For simplicity, we now assume that A is noetherian and that M is finitely generated. 
A prime ideal of A is an associated prime ideal of M if it is the annihilator ann(x) of 
an element of M. We write Ass(M) for the set of associated prime ideals of M. 


PROPOSITION 19.16. A submodule Q of M is primary if and only if Ass(M/ Q) consists 
of a single element p, in which case p = rm (Q). 


PROPOSITION 19.17. A finite intersection of p-primary submodules is p-primary. 


A primary decomposition of a submodule N is a finite set of primary submodules whose 
intersection is N. A primary decomposition S is minimal if 
(a) the prime ideals ry (Q), Q € S, are distinct, and 
(b) no element of S can be omitted, i.e., for no Q € S does Q D(\{Q’| Q'ES, O' F Q}. 
If N admits a primary decomposition, then it admits a minimal primary decomposition, 
because Proposition 19.17 can be used to combine submodules with the same p, and any Q 
that fails (b) can simply be omitted. 
A submodule of M is irreducible it cannot be expressed as the intersection of two strictly 
larger submodules. 


THEOREM 19.18. Every submodule of M (as above) admits a primary decomposition. 
More precisely: 
(a) Every submodule of M can be expressed as a finite intersection of irreducible sub- 
modules. 
(b) Every irreducible submodule in M is primary. 


THEOREM 19.19. Let N be a submodule of M. Let N = Qı N...N Qn be a minimal 
primary decomposition of N , and let pi = rm (Qi). Then 


{p1 -- -Pay = Ass(M/N). 


In particular, the set {p1,..., Pn} is independent of the choice of the minimal primary 
decomposition. Its elements are called the prime ideals belonging to N (in M). 


20 Dedekind domains 


Discrete valuation rings 


It follows from the elementary theory of principal ideal domains that the following conditions 
on a principal ideal domain A are equivalent: 
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(a) A has exactly one nonzero prime ideal; 
(b) A has exactly one prime element up to associates; 
(c) A is local and is not a field. 
A ring satisfying these conditions is called a discrete valuation ring. 


EXAMPLE 20.1. The ring Z(p) = {7 € Q|n not divisible by p} is a discrete valuation ring 
with (p) as its unique nonzero prime ideal. The units in Z(p) are the nonzero elements m/n 
with neither m nor n divisible by p, and the prime elements are those of the form unitx p. 


In a discrete valuation ring A with prime element z, nonzero elements of A can be 
expressed uniquely as uz” with u a unit and m > 0 (and m > 0 unless the element is a unit). 
Every nonzero ideal in A is of the form (z”) for a unique m € N. Thus, if a is an ideal in 
A and p denotes the (unique) maximal ideal of A, then a = p” for a well-defined integer 
m = 0. 

Recall that, for an A-module M and an m € M, the annihilator of m 


ann(m) = {a € A | am = 0}. 


It is an ideal in A, which is proper if m ¢ 0. Suppose that A is a discrete valuation ring, 
and let c be a nonzero element of A. Let M = A/(c). What is the annihilator of a nonzero 
element b + (c) of M? Fix a prime element x of A, and let c = ur”, b = vz” with u and 
v units. Then n < m (else b + (c) = 0 in M), and 


ann(b + (c)) = (x ”). 


Thus, a b for which ann(b + (c)) is maximal, is of the form vx”, and for this choice 
ann(b + (c)) is a prime ideal generated by ¢. We shall exploit these observations in the 
proof of the next proposition, which gives a criterion for a ring to be a discrete valuation 
ring. 


PROPOSITION 20.2. An integral domain A is a discrete valuation ring if and only if 
(a) A is Noetherian, 
(b) A is integrally closed, and 
(c) A has exactly one nonzero prime ideal. 


PROOF. The necessity of the three conditions is obvious, and so let A be an integral domain 

satisfying (a), (b), and (c). We have to show that every ideal in A is principal. As a first step, 

we prove that the nonzero prime ideal is principal. Note that (c) implies that A is a local ring. 
def 


Choose an element c € A, c Æ 0, c Æ unit, and consider the A-module M = A/(c). For 
each nonzero element m of M, 


ann(m) = {a€ A|am=0} 


is a proper ideal in A. Because A is Noetherian, we can choose an m so that ann(m) is 
maximal among these ideals. Write m = b + (c) and p = ann(b + (c)). Note that c € p, and 
so p Æ 0, and that 

p= {a € A | clab}. 


I claim that p is prime. If not there exist elements x, y € A such that xy € p but neither x 
nor y € p. Then yb + (c) is a nonzero element of M because y ¢ p. Consider ann(yb + (c)). 
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Obviously it contains p and it contains x, but this contradicts the maximality of p among 
ideals of the form ann(m). Hence p is prime. 

I claim that b ¢ A. Otherwise b = c „È € (c), and m = 0 (in M). 

I claim that ¢ € A, and p = (4). By definition, pb C (c), and so p- b C A, and it is an 
ideal in A. If p- b C p, then 2 is integral over A (by 6.1, since p is finitely generated), and 
so B € A (because of condition (b)), but we know 2 ¢ A. Thus p- B = A (by (c)), and this 
implies that p = ({). 

Let x = §, so that p = (zr). Let a be a proper ideal of A, and consider the sequence 


2 


acan t carn? c... 


If ar" = an"! for some r, then x~!(ax~") = anr”, and m~t is integral over A (by 


6.1), and so lies in A — this is impossible (z is not a unit in A). Therefore the sequence 
is strictly increasing, and (again because A is Noetherian) it can’t be contained in A. Let 
m be the smallest integer such that ax~” C A but ax~™! ¢ A. Then ar ™™ € p, and so 
ax” = A. Hence a= (a). 


Dedekind domains 


DEFINITION 20.3. A Dedekind domain is an integral domain A, not equal to a field, such 
that 

(a) Ais Noetherian, 

(b) A is integrally closed, and 

(c) every nonzero prime ideal is maximal (i.e., A has Krull dimension 1). 


Thus Proposition 20.2 says that a local integral domain is a Dedekind domain if and only 
if it is a discrete valuation ring. 


PROPOSITION 20.4. Let A be a Dedekind domain, and let S be a multiplicative subset of 
A. Then S~' A is either a Dedekind domain or a field. 


PROOF. Condition (c) says that there is no containment relation between nonzero prime 
ideals of A. If this condition holds for A, then Proposition 5.4 shows that it holds for S~! A. 
Conditions (a) and (b) follow from the next lemma. 


PROPOSITION 20.5. Let A be an integral domain, and let S be a multiplicative subset of A. 
(a) If A is Noetherian, then so also is S~! A. 
(b) If A is integrally closed, then so also is S~! A. 


PROOF. (a) Let a be an ideal in S~!A. Then a = ST! (aN A) (see 5.4), and so a is generated 
by any (finite) set of generators for aN A. 

(b) Let « be an element of the field of fractions of A (= field of fractions of S~! A) that 
is integral over S~! A. Then 

a” +aya™ 14..-+am = 0, some aj € STHA. 
For each 7, there exists an s; € S such that sja; E A. Set s = S1 ++-Sm E S, and multiply 
through the equation by s” : 
(sau)” + sai (sa) "T! +--+ sam = 0. 


This equation shows that sq is integral over A, and so lies in A. Hence a = (sa)/s € STIA. 
(See also 6.15.) 
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COROLLARY 20.6. For every nonzero prime ideal p in a Dedekind domain A, the localiza- 
tion Ay is a discrete valuation ring. 


PROOF. We saw in Example 5.7 that Ay is local, and the proposition implies that it is 
Dedekind. 


The main result concerning Dedekind domains is the following. 


THEOREM 20.7. Every proper nonzero ideal a in a Dedekind domain can be written in the 
form 


— 771 rs 
a=p, as 


with the p; distinct prime ideals and the r; > 0; the ideals p; are exactly the prime ideals 
containing a, and the exponents r; are uniquely determined. 


PROOF. The primary ideals in a Dedekind domain are exactly the powers of prime ideals, 
and so this follows from the preceding section. (For an elementary proof, see my notes on 
algebraic number theory.) 


REMARK 20.8. Note that 
ri > 0 <=> aAy, F Ap; —> aC fi. 
COROLLARY 20.9. Let a and b be ideals in A; then 
acb <=> aAp C bAy 

for all nonzero prime ideals p of A. In particular, a = b if and only if aAy = bAy for all p. 
PROOF. The necessity is obvious. For the sufficiency, factor a and b 

G= PPP, b= py pes 11,51 = 0. 
Then aÁp; = p;' Ap; and aAp, = p;' Ap, 


aAy, C bAp; <> ri > Si, 


(recall that Ay, is a discrete valuation ring) and r; > s; all i implies a C b. 


COROLLARY 20.10. Let A be an integral domain with only finitely many prime ideals; 
then A is a Dedekind domain if and only if it is a principal ideal domain. 


PROOF. Assume A is a Dedekind domain. After Theorem 20.7, to show that A is principal, 
it suffices to show that the prime ideals are principal. Let p1,..., Pm be these ideals. Choose 
an element x; € py ~ a According to the Chinese Remainder Theorem (2.13), there is an 
element x € A such that 


x=x, mod pj, x=1 modp;, iF. 


Now the ideals pı and (x) generate the same ideals in Ap; for all i, and so they are equal in 
A (by 20.9). 


20 DEDEKIND DOMAINS 97 
COROLLARY 20.11. Leta > b Æ 0 be two ideals in a Dedekind domain; then a = b + (a) 
for somea € A. 


PROOF. Let b = pj) pw’ and a = p] pw’ with r;,sj > 0. Because b C a, s; < r; for 
all i. For 1 <i < m, choose an x; € A such that x; € p;", xi ¢ ae By the Chinese 
Remainder Theorem, there is an a € A such that 


a=x; modp-’, for alli. 


Now one sees that 6 + (a) = a by looking at the ideals they generate in Ay for all p. 


COROLLARY 20.12. Let a be an ideal in a Dedekind domain, and let a be any nonzero 
element of a; then there exists ab € a such that a = (a,b). 


PROOF. Apply Corollary 20.11 to a D (a). 


COROLLARY 20.13. Let a be a nonzero ideal in a Dedekind domain; then there exists a 
nonzero ideal a* in A such that aa* is principal. Moreover, a* can be chosen to be relatively 
prime to any particular ideal c, and it can be chosen so that aa* = (a) with a any particular 
element of a (but not both). 


PROOF. Let a € a, a 0; then a D (a), and so we have 


(4) = py pm and a= py! Py", Si STi. 
Ifa* = p] T +p” °”", then aa* = (a). 

We now show that a* can be chosen to be prime to c. We have a D ac, and so (by 20.11) 
there exists an a € a such that a = ac + (a). As a D (a), we have (a) = a-a* for some ideal 
a* (by the above argument); now, ac + aa* = a, and so c+ a* = A. (Otherwise c+ a* C p 
some prime ideal, and ac + aa* = a(c + a*) C ap Æ a.) 


In basic graduate algebra courses, it is shown that 
A a principal ideal domain = A is a unique factorization domain. 


The converse is false because, for example, k[X, Y] is a unique factorization domain in 
which the ideal (X, Y ) is not principal, but it is true for Dedekind domains. 


PROPOSITION 20.14. A Dedekind domain that is a unique factorization domain is a princi- 
pal ideal domain. 


PROOF. In a unique factorization domain, an irreducible element z can divide a product 
bc only if x divides b or c (write bc = mq and express each of b, c, and q as a product of 
irreducible elements). This means that (zr) is a prime ideal. 

Now let A be a Dedekind domain with unique factorization. It suffices to show that each 
nonzero prime ideal p of A is principal. Let a be a nonzero element of p. Then a factors into 
a product of irreducible elements (see 4.4) and, because p is prime, it will contain one of 
these irreducible factors x. Now p D (zr) D (0), and, because (z) is a nonzero prime ideal, 
it is maximal, and so equals p. 
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Modules over Dedekind domains. 


The structure theorem for finitely generated modules over principal ideal domains has an 
interesting extension to modules over Dedekind domains. Throughout this subsection, A is a 
Dedekind domain. 

First, note that a finitely generated torsion-free A-module M need not be free. For 
example, every fractional ideal is finitely generated and torsion-free but it is free if and only 
if it is principal. Thus the best we can hope for is the following. 


THEOREM 20.15. Let A be a Dedekind domain. 
(a) Every finitely generated torsion-free A-module M is isomorphic to a direct sum of 
fractional ideals, 
M xai D- Dam. 


(b) Two finitely generated torsion-free A-modules M ~ a, Ð- Pam and N x 6, @::-® 
by are isomorphic if and only ifm =n and || a; = [ | b; modulo principal ideals. 


Hence, 
M xap- Dam SAPD- DADA- Am. 


Moreover, two fractional ideals a and b of A are isomorphic as A-modules if and only if they 
define the same element of the class group of A. 


PROOF. (a) Let A be a Dedekind domain, and let M be finitely generated torsion-free 
A-module. Then Ap & M is free, hence projective, for every nonzero prime ideal p in A 
(because Ay is principal ideal domain), and so M is projective (12.6). From a surjective 
homomorphism A” —> M, we get a homomorphism M — A” whose composite with some 
projection A” — A will be nonzero, and hence have image a nonzero ideal a in A. As 
a is projective, there exists a section to the map M —> a, and so M ~a@ M; for some 
submodule Mı of M. Now M, is projective because it is a direct summand of a projective 
module, and so we can repeat the argument with M1. This process ends because M is 
noetherian. 

(b) Omitted. 


The rank of a module M over an integral domain R is the dimension of K @r M asa 
K-vector space, where K is the field of fractions of R. Clearly the rank of M ~ a1 Ð: am 
is m. 

These remarks show that the set of isomorphism classes of finitely generated torsion-free 
A-modules of rank 1 can be identified with the class group of A. Multiplication of elements 
in Cl(A) corresponds to the formation of tensor product of modules. The Grothendieck 
group of the category of finitely generated A-modules is Cl(A) © Z. 


THEOREM 20.16 (INVARIANT FACTOR THEOREM). Let M D N be finitely generated torsion- 
free A-modules of the same rank m. Then there exist elements e1,...,€m of M , fractional 
ideals a1, ...,Qm, and integral ideals bı D b2 D ... D Bm such that 


M = aei R- Damem, N = abier 8-:-Pambmem. 


PROOF. Omitted. 


The ideals b1, b2, ..., Bm are uniquely determined by the pair M D N, and are called the 
invariant factors of N in M. 
The last theorem also yields a description of finitely generated torsion A-modules. 
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ASIDE 20.17. The Jordan-Hölder and Krull-Schmidt theorems fail for finitely generated projective 
modules over non-principal Dedekind domains. For example, suppose that A has a nonprincipal ideal 
a of order 2 in the class group. Then a 9 a ~ A@ A, contradicting both theorems. 


21 Dimension theory for noetherian rings 


Let A be a noetherian ring and let p be a prime ideal in A. Let Ay = S T1 4 where S = Ax p. 
We begin by studying extension and contraction of ideals with respect to the homomorphism 
A — Ay (cf. 2.10). Recall (5.7) that Ay is a local ring with maximal ideal p° = pAy. The 
ideal 

(p) = {a € A | sa € p” for some s € S} 


is called the nth symbolic power of p, and is denoted p™?. If m is maximal, then m™”® = m” 


(because the first map in 5.8 is injective). 


LEMMA 21.1. The ideal p™ is p-primary. 


PROOF. The radical of (p°)” is the maximal ideal pê, and so it is p°-primary (19.3) Hence 
((p°)”)° is (pf) -primary (19.4). But (p%)° = p (see 5.4), and 


CNE = ((p”)2)° E p, (51) 


LEMMA 21.2. Consider ideals a C p’ C p with p’ prime. If p’ is a minimal prime ideal of a, 
then p’° is a minimal prime ideal of af (extension relative to A —> Ay). 


PROOF. If not, there exists a prime ideal p” such that p’? 2 p” D a®. By (5.4), p’ = p’°° and 
p’’© is a prime ideal properly contained in p’°°, and so 


/ 


p =e 2p" > afs = a 


contradicts the minimality of p’. 


THEOREM 21.3 (KRULL’S PRINCIPAL IDEAL THEOREM). Let A be a noetherian ring, and 
let b € A be a nonunit. Every minimal prime ideal of (b) has height at most one. 


PROOF. Let p be a minimal prime ideal of (b), and consider the map A — Ay. According to 
Lemma 21.2, p? is a minimal prime ideal of (b)? = ( b), and Proposition 5.4 shows that the 
theorem for Ay D pf D ( b) implies it for A D p D (b). Therefore, we may replace A with 
Ap, and so assume that A is a noetherian local ring with maximal ideal p. 

Suppose that p properly contains a prime ideal pı: we have to show that py D p2 => 
Pi = f2- 

Let p be the rth symbolic power of pı. The only prime ideal of the ring A/(b) is 
p/(b), and so A/(b) is artinian (16.6). Therefore the descending chain of ideals 


(pt? +) /@) > (PP? + @) 0) P+O) 


eventually becomes constant: there exists an s such that 


p+ (b) = pot) + (b) = pO? 4b) =---. (52) 
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We claim that, for every m > s, 
py” c pi + py"? (53) 


Let x € pon), Then 
x € (b) + py” P y+ pt, 


and so x = ab + x’ witha € A and x’ € pore). As pi is p,-primary (see 21.1) and 
ab=x-x' € ie but b £ p1, we have that a € pe. Now x =ab+x' € (b)p™ pry) 
as claimed. 

We next show that, for every m > s, 


pi — pore. 


As b € p, (53) shows that per pee) =p- PAT, and so pe pert? = 0 by 


Nakayama’s lemma (3.9). 


Now 


(s+1) _ ,G+2) _ 
1 =Pi = 


pi Cry =p p 


and so pj C DEE Note that 
(m) (31) exme _ e\m\c 3.16 c 
Vee?” = Mmes CD = Mr D = O° 
and so for any x € pj, there exists an a € A~ pı such that ax = 0. Let x € p1; thenax* = 0 


for some a € Áx pı C Áx p2, and so x € p2 (because pz is prime). We have shown that 
pı = po, as required. 


COROLLARY 21.4. A noetherian integral domain A is a unique factorization domain if 
every prime ideal of height 1 is principal. 


PROOF. After Propositions 4.3 and 4.4, it suffices to show that every irreducible element a 
of A is prime. Let p be minimal among the prime ideals containing (a). According to the 
principal ideal theorem (21.3), p has height at most 1, and so is principal, say p = (b). As 
(a) C (b), b divides a, and so a = bxunit. Hence (a) = (b) = p, and so a is prime. 


In order to generalize Theorem 21.3 to non principal ideals, we shall need a lemma. 


LEMMA 21.5. Let p be a prime ideal in a noetherian ring A, and let S be a finite set of 
prime ideals in A, none of which contains p. If there exists a chain of distinct prime ideals 


P > Pa-1 2+ 2 Po, 
then there exists such a chain with pı not contained in any ideal in S. 


PROOF. We first prove this in the special case that the chain has length 2. Suppose that 
p D pı D po are distinct prime ideals. As p is not contained in po or any ideal in S, it is not 
contained in their union (2.8), and so there exists an 


a E€ p~ (po UU{P € S}). 
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As p contains (a) + po, it contains a minimal prime ideal p} of (a) + po. Now p4 /po is 
a minimal prime ideal of the principal ideal ((a) + po) /po in A/po, and so it has height 
at most 1. The chain p/po D p1/Po D po/Po shows that p/po has height at least 2, and so 
p D p4 D Po is a chain of distinct prime ideals. The ideal pı is not contained in any ideal in 
S because it contains a. This completes the proof of the level 2 case. 

Now consider the general case. On applying the special case to p D pg_) D pg_z, we 
see that there exists a chain of distinct prime ideals p D Po) D Ppg—2 such that Pi is not 
contained in any ideal in S. Then on applying the special case to Paci D Pd-2 D Pg-1, 
we see that there exists a chain of distinct prime ideals p D Pia > Pics > pg—, such that 
p’,_ is not contained in any ideal in S. Repeat the argument until the proof is complete. 


THEOREM 21.6. Let A be a noetherian ring, and let a = (a1,...,dm) be a proper ideal of 
A. Every minimal prime ideal of a has height most m. 


PROOF. For m = 1, this was just proved. Thus, we may suppose that m > 2 and that the 
theorem has been proved for ideals generated by m — 1 elements. Let p be a minimal prime 
ideal of a, and let p4,- .., p} be the minimal prime ideals of (a2,...,am). Each p has height 
at most m — 1. If p is contained in one of the p/, it will have height < m— 1, and so we may 
suppose that it isn’t. 

Let p have height d. We have to show that d < m. According to the lemma, there exists 
a chain of distinct prime ideals 


P=Ppa2Pag-1>°D po, d=, 


with pı not contained in any p/, and so Proposition 2.8 shows that there exists a 


b epi ~x U;=1 P}. 


We next show that p is a minimal prime ideal of (b,a2,...,am). Certainly p contains a 
minimal prime ideal p’ of this ideal. As p’ D (d2,...,dm), p’ contains one of the p/s, but, by 
construction, it cannot equal it. If p Æ p’, then 


pop Dp; 
are distinct ideals, which shows that p = p/(a2,...,am) has height at least 2 in A = 
A/(a2,...; am). But p is a minimal ideal in A of the principal ideal (a1,...,am)/(a2,-..,ám), 
which contradicts Theorem 21.3. Hence p is minimal, as claimed. 
But now p/(b) is a minimal prime ideal of (a2,...,am)/(b) in R/(b), and so the height 
of p/(b) is at most m — 1 (by induction). The prime ideals 


p/(b) = pa /(b) D pa-1/(b) D = D p1/@) 


are distinct, and so d — 1 < m — 1. This completes the proof that d < m. 


The height of an ideal a in a noetherian ring is the minimum height of a prime ideal 
containing it, 
ht(a)= _ min ht(p). 
pDa, p prime 
The theorem shows that ht(a) is finite. 
The following provides a converse to Theorem 21.6. 
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THEOREM 21.7. Let A be a noetherian ring, and let a be a proper ideal of A of height r. 
Then there exist r elements aj,..., ar of a such that, for eachi <r, (a1,...,a;) has heighti. 


PROOF. If r = 0, then we take the empty set of a;. Thus, suppose that r > 1. There are only 
finitely many prime ideals of height 0, because such an ideal is a minimal prime ideal of (0), 
and none of these ideals can contain a because it has height > 1. Proposition 2.8 shows that 
there exists an 

a, €a~\J{prime ideals of height 0}. 


By construction, (a1) has height at least 1, and so Theorem 21.3 shows it has height exactly 1. 
This completes the proof when r = 1, so suppose that r > 2. There are only finitely 

many prime ideals of height 1 containing (a;) because such an ideal is a minimal prime 

ideal of (a1), and none of these ideals can contain a because it has height > 2. Choose 


az € ax |)J{prime ideals of height 1 containing (a1)}. 


By construction, (a1,a2) has height at least 2, and so Theorem 21.6 shows that it has height 
exactly 2. 

This completes the proof when r = 2, and when r > 2 we can continue in this fashion 
until it is complete. 


COROLLARY 21.8. Every prime ideal of height r in a noetherian ring arises as a minimal 
prime ideal for an ideal generated by r elements. 


PROOF. According to the theorem, an ideal a of height r contains an ideal (a1,...,a,) of 
height r. If a is prime, then it is a minimal ideal of (a1,...,d;). 


COROLLARY 21.9. Let A be a commutative noetherian ring, and let a be an ideal in A that 
can be generated by n elements. For every prime ideal p in A containing a, 


ht(p/a) < ht(p) <ht(p/a) +n. 


PROOF. The first inequality follows immediately from the correspondence between ideals 
in A and in A/a. 

Denote the quotient map A > A’ = A/a by ata’. Let ht(p/a) = d. Then there 
exist elements 41,...,aq in A such that p/a is a minimal prime ideal of (a},... ay) Let 
by,..., bn generate a. Then p is a minimal prime ideal of (a1,...,aq,b1,..., bn), and hence 
has height < d +n. 


We now use dimension theory to prove a stronger version of “generic flatness” (11.21). 


THEOREM 21.10 (GENERIC FREENESS). Let A be a noetherian integral domain, and let 
B bea finitely generated A-algebra. For every finitely generated B-module M, there exists 
a nonzero element a of A such that Mg is a free Ag-module. 


PROOF. Let F be the field of fractions of A. We prove the theorem by induction on the 
Krull dimension of F & 4 B, starting with the case of Krull dimension —1. Recall that this 
means that F ® 4 B = 0, and so alg = 0 for some nonzero a € A. Then Ma = 0, which is 
the free Ag-module generated by the empty set. 
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In the general case, an argument as in Theorem 11.21 shows that, after replacing A, 
B, and M with Ag, Ba, and Ma for a suitable a € A, we may suppose that the map 
B — F &4 B is injective — we identify B with its image. The Noether normalization 
theorem (8.1) says that there exist algebraically independent elements x1,...,x of F 8&4 B 
such that F ® 4 B is a finite F[x1,...,xm]-algebra. As in the proof of Theorem11.21, there 
exists a nonzero a € A such that Bg isa finite Ag[x1,...,Xm]|-algebra. Hence Mg is a finitely 
generated Ag[x1,..., Xm]-module. 

As every extension of free modules is free**, Proposition 3.5 shows that it suffices to 
prove the theorem for Mg = Ag[x1,...,Xm]/p with p a prime ideal in Ag[x1,...,Xm]. If 
p = 0, then Ma is free over Ag (with basis the monomials in the x;). Otherwise, F @ 4 
(Ag[x1,...,Xm]/p) has Krull dimension less than that of F ® 4 B, and so we can apply the 
induction hypothesis. 


COROLLARY 21.11. Let A be a noetherian ring, and let p: A > B be a finitely generated 
A-algebra. If U is a nonempty open subset of Spec(B), then œ} (U) contains a nonempty 
open subset of its closure in Spec(A). 


PROOF. We may replace A with its image in B, and B with By for some f such that 
D(f) cC U. Then we have to show that the image of g?:Spec(B) — Spec(A) contains a 
nonempty open subset of Spec(A). According to (21.10), there exists an a € A such that Ba 
is a nonzero free Ag-module. For any prime ideal p of A not containing a, B &4 A/p > 
Ba ®a, 4/p £ 0. As B @4 A/p is nonzero, it contains a prime ideal, but the prime ideals 
in B &4 A/p correspond to prime ideals q in B such that qN A = p. Therefore the image of 
gf contains D(a). 


22 Regular local rings 


Throughout this section, A is a noetherian local ring with maximal ideal m and residue field 
k. The Krull dimension d of A is equal to the height of m, and 


(21.6) | (3.11) .. 2 
ht(m) < minimum number of generators of m `=’ dim, (m/m^). 


When equality holds, the ring A is said to be regular. In other words, dim, (m/m?) > d, 
and equality holds exactly when the ring is regular. 

For example, when A has dimension zero, it is regular if and only if its maximal ideal 
can be generated by the empty set, and so is zero. This means that A is a field; in particular, 
it is an integral domain. The main result of this section is that all regular local rings are 
integral domains. 


LEMMA 22.1. Let A be a noetherian local ring with maximal ideal m, and let c € m~ m’. 


Denote the quotient map A > A! = A/(c) by ata’. Then 


dimg m/m? = dim; m/m? +1 


y def 


where w = m/(c) is the maximal ideal of A’. 


241f M' is a submodule of M such that M” “= M/M’ is free, then M ~ M’@ M". 
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PROOF. Let ¢1,...,€n be elements of m such that {e/,...,e/,} is a k-linear basis for w /m’?. 
We shall show that {e1,...,@n,c} is a basis for m/m. 
As é},..-,€), Span nv /m’?, they generate the ideal m’ (see 3.11), and som = (e1,...,@n) + 
(c), which implies that {e1,...,@,,c} spans m/m?. 
Suppose that a1,...,@,+41 are elements of A such that 
ayey +*+ anen +an41¢ = 0 mod m?. (54) 
Then 


ajel + +a el, = 0 mod m?, 


and so a},...,a), E€ W. It follows that a1,...,an E m. Now (54) shows that an+ıc € m?. 
If dn41 É m, then itis a unit in A, and c € mĉ?, which contradicts its definition. Therefore, 
An+1 € m, and the relation (54) is the trivial one. 


PROPOSITION 22.2. If A is regular, then so also is A/(a) for any a € m~ m?; moreover, 


dim A/(a) = dim A — 1. 

PROOF. With the usual notations, Corollary 21.9 shows that 
ht(m’) < ht(m) < ht(m’) + 1. 

Therefore 


dim, (m/m?) > ht(m’) > ht(m) — 1 = dim; (m/m?) — 1 = dimg (w/w). 


Equalities must hold throughout, which proves that A’ is regular with dimension dim A — 1. 


THEOREM 22.3. Every regular noetherian local ring is an integral domain. 


PROOF. Let A be a regular local ring of dimension d. We have already noted that the 
statement is true when d = 0. 

We next prove that A is an integral domain if it contains distinct ideals a D p with a = (a) 
principal and p prime. Let b € p, and suppose that b € a” = (a”) for some n > 1. Then 
b =a"c for some c € A. As a is not in the prime ideal p, we must have that c € p C a, and 
so b €a"*!. Continuing in this fashion, we see that b € (),, a” 2 {0}. Therefore p = {0}, 
and so A is an integral domain. 

We now assume d > 1, and prove the theorem by induction on d. Let a € m~ m?. As 
A/(a) is regular of dimension d — 1 (see 22.1), it is an integral domain, and so (a) is a prime 
ideal. If it has height 1, then it properly contains a prime ideal, and the last paragraph shows 
that A is an integral domain. Thus, we may suppose that, for all a € m~ mê, the prime ideal 
(a) has height 0, and so is a minimal prime ideal of A. Let S be the set of all minimal prime 
ideals of A — recall (§19) that S is finite. We have shown that m~ m? C LJ{p | p € S}, 
and so m C m*U|J{p | p € S}. It follows from Proposition 2.8 that either m C m? (and 
hence m = 0) or mis a minimal prime ideal of A, but both of these statements contradict the 
assumption that d > 1. 


COROLLARY 22.4. A regular noetherian local ring of dimension 1 is a principal ideal 
domain (with a single nonzero prime ideal). 
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PROOF. Let A be a regular local ring of dimension 1 with maximal ideal m, and let a be 
a nonzero proper ideal in A. The conditions imply that m is principal, say m = (t). The 
radical of a is m because m is the only prime ideal containing a, and so a D m” for some 
r (by 3.17). The ring A/m” is local and artinian, and so a = (t5) +m” for some s > 1 (by 
16.8). This implies that a = (t°) by Nakayama’s lemma (3.9). 


THEOREM 22.5. Let A be a regular noetherian local ring. 
(a) For every prime ideal p in A, the ring Ay is regular. 
(b) The ring A is a unique factorization domain (hence is integrally closed). 


PROOF. Omitted for the moment. 


The best proof uses homological methods. See May, RegularLocal.pdf or Matsumura 
1986 19.3, 20.3. 


DEFINITION 22.6. Let (A,m) be a noetherian local ring of dimension d. A system of 


parameters of A is a set of elements {a1,...,ag} such that (aj,...,ag) D m” for some n. 
If (a1,...,@q) = m, then {a1,...,aq} is called a regular system of parameters. 
In other words, {a1,...,ag} is a system of parameters if the ideal (a1,...,aq) is m- 


primary. A system of parameters always exists, and a regular system of parameters exists if 
and only if A is regular. 


23 Flatness and fibres 


Recall that, for a prime ideal p in a ring A, the field of fractions of A/p is denoted x (p). For 
example, for a maximal ideal m, «(m) = A/m; more generally, k (p) = Ap/pAp. 

Let g: A> B be a homomorphism of rings. We say that the going-down theorem holds 
for ọ if the statement (7.12) holds with q; N A interpreted as qf: 


pi = qj. 


THEOREM 23.1. Let: A — B be a homomorphism of noetherian rings. Let q be a prime 
ideal of B, and let p = q°. 

(a) We have ht(q) < ht(p) + dim(B, ® «(p)). 

(b) If the going-down theorem holds for œ, then equality holds in (a). 


PROOF. The statement depends only on the homomorphism of local rings Ap — By defined 
by ø. Thus, we can replace A and B with Ay and Bg, and q and p with the maximal ideals 
n = qB, and m= pAy. Then the inequality becomes 


dim(B) < dim(A) + dim(B/mB). 
(a) Let {a1,...,a,} be a system of parameters for A, so that 


m” Cli niceties 
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for some n. Let bj,...,bs be elements of B whose images in B/mB form a system of 
parameters for B/mB, so that 


n” C (b1,...,bs) mB 


for some n’. Now 
n’”" C (b1,...,bs)+ (a1,...,ar)B 


and so {d,..., a,,b,,...bs} generates an n-primary ideal in B. Hence 
dim(B) < r + s =dim(A) + dim(B/mB). 
(b) Let m = dim(B/mB), and let 
n= qo 2: D dm 


be a chain of distinct prime ideals in B containing mB. Clearly qf = m for all i. Let 
m' = dim A, and let 
m= po 2 +++ D Pw 


be a chain of distinct prime ideals in A. By the going-down theorem, there exists a chain of 
ideals 


qm 2 t D Am+m’ 


such that qp}; = pi for all i. The existence of the chain 


qo 2D + D 4mt+m’ 


of distinct prime ideals in B shows that dim(B) > m’ + m = dim A + dim(B/mB). 


THEOREM 23.2. The going-down theorem holds for every flat homomorphism g: A > B. 


PROOF. Let p’ C p be prime ideals in A, and let q be a prime ideal in B such that q° = p. 
We have to show that there exists a prime ideal q’ C q in B such that q = p’. Because g is 
flat, Ay —> B, is faithfully flat (11.18), and so there exists a prime ideal in B, contracting to 
p’ Ay in Ap (11.19). The contraction of this ideal to B has the required properties. (See also 
11.20.) 


COROLLARY 23.3. Let g: A — B be a homomorphism of rings, and let q be a prime ideal 
of B. If ọ is flat, then 


ht(q) = ht(p) + dim(B, @k(p)), p=q°. 


PROOF. According to the theorem, ¢ satisfies the going-down theorem, and so we can apply 
Theorem 23.1. 


COROLLARY 23.4. Let A be a noetherian ring, and let p: A —> B be a homomorphism of 
rings. If ọ is flat of finite type, then the map y*: Spec(B) — Spec(A) is open. 


PROOF. According to the theorem, ¢ satisfies the going-down theorem, and so we can apply 
Proposition 14.16. 
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Let g: A > B be a homomorphism of rings such that all maximal ideals in A have the 
same height and similarly for B. If ọ is flat and spm(ọ) is surjective, then Corollary 23.3 


says that 
dim(B) = dim(A) + dim(B @ 4 k(m)) 


for all maximal ideals of A. In other words, the dimension of the fibre 
spm(B) — spm(A) 


over m € spm(A) is dim(spm(B)) — dim(spm(A)). 
Corollary 23.3 has a converse. 


THEOREM 23.5. Let y: A > B be a local homomorphism of noetherian local rings, and let 
m be the maximal ideal of A. If A is regular, B is Cohen-Macaulay, and 


dim(B) = dim(A) + dim(B @ k(m)), 


then ọ is flat. 


PROOF. Matsumura 1986, 23.1. 


We don’t define the notion of being Cohen-Macaulay here (see ibid. p.134), but merely 
list some of its properties. 


23.6. A noetherian ring A is Cohen-Macaulay if and only if Am is Cohen-Macaulay for 
every maximal ideal m of A (this is part of the definition). 


23.7. Zero-dimensional and reduced one-dimensional noetherian rings are Cohen-Macaulay 
(ibid. p.139). 


23.8. Regular noetherian rings are Cohen-Macaulay (ibid. p.137). 


23.9. Let g: A > B be a flat local homomorphism of noetherian local rings, and let m be 
the maximal ideal of A. Then B is Cohen-Macaulay if and only if both A and B @4 «(m) 
are Cohen-Macaulay (ibid. p.181). 


PROPOSITION 23.10. Let g: A — B be a finite homomorphism noetherian rings with A 
regular. Then ¢ is flat if and only if B is Cohen-Macaulay. 


PROOF. Note that dim(B/mB) is zero-dimensional, hence Cohen-Macaulay, for every 
maximal ideal m of A (23.7), and that ht(n) = ht(n°) for every maximal ideal n of B. If g is 
flat, then B is Cohen-Macaulay by (23.9). Conversely, if B is Cohen-Macaulay, then ¢ is 
flat by (23.5). 


ASIDE 23.11. In contrast to the going-down theorem, the going-up theorem fails for flat homomor- 
phisms — it even fails for Z —> Z[X] (see 7.8). 


Exercises 


EXERCISE 23.12. Show that the only flat surjective homomorphisms from a noetherian 
ring are the projection maps A; x Az > A}. 
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24 Completions 


Let A be a ring and a an ideal in A. For any A-module, we get an inverse system of quotient 
maps 
M/aM < M/M <- < M/M <... 


whose limit we define to be the a-adic completion M of M: 
M =limM/a"M. 
<— 


For example, the a-adic completion of A is 


We now explain why this is called the completion. Let M be an A-module. A filtration 
on M is a sequence of submodules 


M =MoD- DMD... 


LEMMA 24.1. Let (Mn)nen be a filtration on an A-module M . There is a unique topology 
on M such that, for each x € M, the set {x + My | n € N} is a fundamental system of 
neighbourhoods for x. The completion M of M relative to this topology is canonically 
isomorphic to lim M/Mn. 


PROOF. The first statement is obvious. For the second, recall that M consists of the 
equivalence classes of Cauchy sequences in M. Let (Mn )nen be a Cauchy sequence. For 
each n, the image of m; in M/M, becomes constant for large i — let Mn denote the constant 
value. The family (Mn )nen depends only on the equivalence class of the Cauchy sequence 
(™n)nen, and A 


is an isomorphism. 


Let A be a ring and let a be an ideal in A. A filtration (Mn )nen on an A-module M is 
an a-filtration if aM, C Mn+1 for all n. An a-filtration is stable if aM, = Mn+1 for all 
sufficiently large n. 


LEMMA 24.2. Any two stable a-filtrations on an A-module M define the same topology on 
M. 


PROOF. It suffices to show that a stable a-filtration (Mn )nen defines the a-adic topology 
on M. As aM, C Mn+ for all n, we have that a” M C M, for all n. For some no, 
aMn = Mn+1 for all n > no, and so Mn+no = a” Mno C a” M. 


LEMMA 24.3 (ARTIN-REES). If A is noetherian and M is finitely generated, then, for 
every A-submodule M’ of M , the filtration (M'N a” M)„eyn on M” is a stable a-filtration. 


PROOF. Omitted for the moment. 


PROPOSITION 24.4. For every noetherian ring A and ideal a, the functor M ~> M is exact 
on finitely generated A-modules. 
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PROOF. Let 
0—> M'’+>M-—-M">0 


be an exact sequence of A-modules. For each n, the sequence 
0> M'Na"M > a"M > a" M” 50 
is exact, and so 
0 — M'/(M'Na"M) > M/a"M > M"/a"M" > 0 
is exact. On passing to the inverse limit, we obtain an exact sequence 


0 — lim M'/(M'Na"M) > M > M" — 0, 
n 


but the last three lemmas show that lim M'/(M' Na” M) is the a-adic completion of M”. 


PROPOSITION 24.5. For every ideal a in a noetherian ring A and finitely generated A- 
module M , the homomorphism 


a@mt>am:A®4,M > M 
is an isomorphism. 


PROOF. In other words, when A is noetherian, the functors M ~> A &M and M ~ M 
agree on finitely generated A-modules M. This is obvious for M = A, and it follows for 
finitely generated free A-module because both functors take finite direct sums to direct sums. 
Choose a surjective homomorphism A” —> M, and let N be its kernel. The exact sequence 


0-N-> A“ >M>0 


gives rise to a exact commutative diagram 


ÂQAN » 4m > 4@,M — 0 


eo bo g 


0o — Ñ — 4” — ; M — 0 


Because the middle vertical arrow is an isomorphism, the arrow b is surjective. But M 
is arbitrary, and so the arrow a is also surjective, which implies that the arrow b is an 
isomorphism. 


PROPOSITION 24.6. For every noetherian ring A and ideal a, the a-adic completion A of A 
is a flat A-algebra. 


PROOF. It follows from Propositions 24.4 and 24.5 that A® 4 —is exact on finitely generated 
A-modules, but this implies that it is exact on all A-modules. 


ASIDE 24.7. Let m be a maximal ideal of a ring A, and let A > A denote the m-adic completion 
of A. Then A/m” > A /i” is the m-adic completion of A/m”, but A/m” is discrete, and so 
A/m" > AJA” is an isomorphism. Similarly, Am/m?, > Ân/ fi", = A/in” is an isomorphism. On 
combining these statements, we obtain a conceptual proof of Proposition 5.8. 
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Sections to be added. 


25. Henselian rings. 

26. Graded rings. 

27. Hilbert polynomials. 

28. Homological methods. 

29. Regular local rings revisited. 

30. Connections with geometry. 

31. Computational commutative algebra. 


A Solutions to the exercises. 


1.1. For n = 1, use that a nonzero polynomial in one variable has only finitely many 
roots (which follows from unique factorization, for example). Now suppose n > 1, and 
assume the statement for polynomials in < n — 1 symbols. Write f = $` g; X} with each 
gi Ek[X1,...,Xn-1]. If f is not the zero polynomial, then some g; is not the zero poly- 
nomial, and there exist (a1,...,d,—1) E€ k”7! such that f(a1,...,dn—1, Xn) is not the zero 
polynomial. Now, by the degree-one case, there exists a b such that f(a1,..., an—1,b) £0. 


6.20. Let f = $ b;T™— , b; € B. If the coefficients b; of f are integral over A, then they 
are integral over A[T] (as elements of B[T]). Certainly T is integral over A[T], and so this 
implies that f = }°b;T" is integral over A (see 6.5). 


11.22. The set spm(A ¢,) consists of the maximal ideals in A not containing fi, and 
spm(] |; A f£) = L]; spm(A ¢,). Therefore the map spm([ |; A f) > spm(A) is surjective if 
and only if (/1,..., fm) = A. Now apply (11.18). For the second statement, it is only a 
question of showing that the sequence in (11.11) becomes the sequence in (11.22) when 
i: A — B is taken to be A > [|]; A f- 


15.16. (a) Let B be a countable local domain, and number its elements b;,b2,.... Consider 
the homomorphism A — B sending X; to b;. It is surjective, and its kernel is a prime ideal 
p of A. The ideal p is not an intersection of maximal ideals because the only maximal ideal 
of A containing p is the inverse image of the maximal ideal in B. 

(b) Let f be a nonzero element of A, say, f = f(X1,..., Xn). Choose a1,...,an€ Q 
such that f(a1,...,an) # 0 (Exercise 1.1). The kernel of the homomorphism A —> Q 
sending X; to a; fori < n and X; to 0 fori > n is a maximal ideal in A not containing f. 


23.12. Consider surjective homomorphism A — A/a. The set V(a) is closed in spec(A) (by 
definition of the topology on spec(A)). If A — A/a is flat, then V(a) is also open. Therefore 
A = A, x A2 and ais of the form b x Az with b an ideal in A; such that V(b) = spec(A). 
On tensoring 

0 — bx A2 > A, xX A2 > A1/6 > 0 


with A;/b6 we get an exact sequence 


0 b/b? > A,/b > 41/6 > 0. 


Therefore b = b?, but b is contained in all prime ideals of A1, and so this implies that b = 0 
(Nakayama’s lemma, 3.9). 
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